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PREFACE. 



time a subject of complaint 



P 



It has been for some time a subject of compi 
that there existed no easy Elementary work on Optics, 
suited to the present state of Mathematical knowledge. 
The works of Newton, of Harris, of Smith, contain, 
it is true^ a vast deal of important information, but 
that information is conveyed in such a shape as hardly 
to be tangible to modern readers. Perhaps it may be 
permitted to say that objections of the same kind have 
been made to Dr. Wood's elegant little Treatise, which 
being composed after the model of those mentioned, 
does not harmonize^ if I may be allowed the expressiooj ■ 
with the other mathematical works which are at present 
the object of study in our University. 
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' This consideration induced Mr. Whewell to draw 
up in the Spring of I8I9 a Syllabus of those parts of 
the Science of Optics that arc usually inquired into, 
and that Syllabus, with the instructions conveyed in his 
Lectures, which I had then the pleasure of attending, 
formed the basis of the little Treatise which, at the 



< instigation of himself and others of nty friends, 
B: ventured to offer to the public. 



edai 1 
, and 



Upon llie whole, this Work is to be considered 
a compilation rather than an original production 
all the merit I can lay claim to is that of having ar- 
ranged the materials which 1 found at hand, and 
endeavoured, with what success I leave it to the 
reader to judge, to present facts and reasonings in 
such language as should be at once concise and clear. 
I have studiously avoided long and diffuse investiga- 
tions and demonstrations, leaving many things to be 
supplied which an intelligent reader can readily sup- 
ply, in order that the several steps of a process might 
be seeD as it were with one glance. 

For a similar reason I have often omitted to notice 
parts of Figures which did not seem to me to require 
being mentioned, as my object was not to give de- 
tailed descriptions from which Figures might be drawn, 
but merely to make intelligible those which accompany 
the Work. J 

TTie Notation I have used, is in a great measur^ 
adopted from M. Blot, to whom I am indebted for an 
Appendix on the higher parts of the Science, which 
I have taken the liberty of translating from the " Ad- 
ditions a rOptique," in his Edition of Fischer's 
Physique Mecanique, p, 3g6. 

have occasionally consulted Harris's Optics ; of 
Smith's I could make but little use; Hayes's Fluxions 
afforded me a good deal of information on the sub- 




^m PREFACE. 

ject of Caustics. Dr. Wood's Treatise I have natural^ 
had almost constantly on my table ; but perhaps i 
greatest obligations are due to Dr. Youog, whose 
Lectures do not need my praise or recommendation 
to those who wish to study this or almost any other 
bran<:h of Mathematical Science. 

For one very elegant Article 1 am indebted to r 
excellent friend John C. S. Lcfevre, Esq. M. Cuvierl 
valuable Work on Comparative Anatomy, has furnished 
some details on the subject of the Eve, which 1 hope 
will not be thought misplaced. 

1 am afraid it will be said that many of the 
Figures are too small, or not sufficiently clear: 
the student may in some measure correct this defect, 
by copying them for himself on a larger scale, which 
I hope he will tind no difficulty in doing, with the 
assistance of the descriptions. 

In the present Edition, I have endeavoured to , ' 
improve the Work in some degree, by amending 
some passages which I had not taken sufficient pains 
to make explicit, by supplying deficiencies and cor- 
recting inaccuracies in the plates, and by attending 
more carefully to errors of the press, of which 
I hope there will not be found many. 
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INTRODUCTORY OBSERVATIONS, 



1. CoNCEKNiNr, ihe nature of light, very litlle is known 
with any certainty ; fortunately it is not at nil necessary in ma- 
thematical enquiries about it, to establish any thing about its 
I constitution. The science of Optics reposes on three Lavis, as 
: they are technically termed, which depend for their proof upon 
Observation mid Induction. 

3. In the first place, as it is observed that an object cannot 
be discerned if it be placed directly behind another not transparent, 
we conclude that the action of light takes place in straight lines. 
These straight lines are called rai/s, and are the sole object of dis- 
cussion in the following Treatise. 

3. When a small beam of light, admitted through a hole in 
the shutter into a dark room, falls upon a plane polished surface, 
such as that of a common mirrror, it is observed to be suddenly 
bent back, or reflected, according to the technical phrase, and as it 
lias otherwise the same appearance as before, we conclude that 
each ray of light is bent at the point where it meets the surface, or 
that more properly for each ray thai existed in the beam, we have 
now two, an incident and a reflected rai/, meeting in the surface. 

Observation leads us to conclude that these rays are invariably 
in the same plane, and that they as invariably make equal angles 
with the reflecting surface, or with a line perpendicular to it at the 
point of reflexion : the angles which the incident and reflected rays 
respectively make with this perpendicular are called the angles of 
incidence and rejiexion. 

4. If again we present to the beam of light above-mentioned a very 
thick plale of glass or a vessel of water, or any other transparent 
, ^ubataoice, we shall find that part of the light is reflected on rcach- 
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ing tlie sjurface, but part enters the glass or water, not however 
without deviating from its Tornier direction. It is in fact bent or 
refracted, so as to be more nearly perpendicular to the surface, so 
that the angle between an incident ray and a perpendicular to the 
surface, called as before, the angle of Incidence, ia greater than 
that between the refracted ray and the perpendicular; this latter 
angle is technically toiincd the angle of' Refraclion. 

Observations similar to those alluded to in the former case lead 
us to the conclusion that the angles of incidence and refraction 
are always in the. same plane, and that though they do not bear 
an invariable ratio to one another, their sines do, provided the 
observations are confined to one medium, or transparent sob- 
stance. 

6. We have then these three laws upon which to found our 
theory. * 

1, The rays of light are straight lines. 

2, The angles of incidence and reHexion ore in the s 

plane and equal. 

3, The angles of incidence and refraction an 

same plane, and their sines bear an invariable r 
to oue another for die same medium. 

Note. Sir I. Newton attempted to explain the Theory 1 
Optics on the hypothesis that light is a material subtance emit^^ 
from luminous bodies, and that the minute particles of this matfll 
are attracted by any substance on which they fall, so as to be * 
verted from their natural straight course. He succeeded in demol 
strating the laws above-mentioned upon that hypothesis, but not d 
as to set the question at rest. Other philosophers, probably widS 
more tiuth, have supposed light to consist in undulations, or pulses 
propagated in a very rare and elastic medium which is supposed 
to pervade all space, and perhaps to have nn intimate connexion 
with the electro- magnetic fluid. 

The action of light is by no means instantaneous. It has been 
discovered by means of observations on eclipses of Jupiter's aa- 
tellites, that Ught takes eight minutes, thirteen seconds of time, to 
come from the Sun to the Earth. 




It will perhaps dc as well to iletail an experiiDciii by which the 
of Optics may be well illustrated. 

Let a square or rectangle AB (Fig. 1.) of wood, or any other 
convenient material, have its opposite sides bisected by lines CD, 
EF, and be correctly graduated along the lop and bottom, so that 
the divisions, which must be equal on both lines, may be aliquot 
parts, tenths or hundredths, for instance, of GC or GD. 

Let this rectangle be immersed vertically in water up to the line 
£F in a dark room, so that a small beam of Suti-light admitted 
through the shutter may just shine along its surface in a line OG. 

There will then be observed a reflected beam along a line GP 
on the surface of the rectangle, and a refracted one GO. down 
through the water, also lying just along the surface of the rectangle. 
Kow if the distances OC, CP, DQ be observed, it will be found 
that OC and CP are equal, and that OC and DQ, which are re- 
spectively the tangents of the angles OGC, DGQ to the radius 
GE or GD, are so related, that if the sines of the same angles be 

^» X rad. these sines 



calculated by the formula sin = 



ly'rad* 



will be found to be in a certain ratio, which in the case of pure 
water is about that of 4 to 3, or more correctly, 1,336 to 1. 
The experiment should be repeated several times when the Sun is 
at different heights, and the ratio of the sines of the angles OGC, 
DGQ will be found invariably the same. 

The fact of the incident, reflected and refracted rays, GO, GP 
and GQ, all lying precisely along the same plane surface, shows 
that those rays are all in the same plane, which is one circumstance 
mentioned in the Laws. 

It may be necessary to observe that it is indifferent as to the 

directions of connected rays, which way the light is proceeding, 

lat is, whether forwards or backwards, as any causes that act to 

reduce a deflection from the straight course in the one case, 

fould produce corresponding effects in the other. 
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CHAP. I. 



REFLEXION AT PLANE SURFACES. 

6. Prop. To Jind the direction which a ray of light, 
fUingfiom a given point, takes after reflexion at a plane mirror tii 
a given position . 

IjKt QR, (Fig. 2.) represent a ray of light, proceeding from 
tlie ytotai Q; XY, the aeclion of the reflecting surface by a pli 
perpendicular to it containing the line QR ; RS, the reflected raj 
making witii XY an angle SRX equal to the angle QR 
QR makes with the same line : let QA be perpendicular 
and let SR meet it in q. 

Then since the angle QRA is equal to SRX, that is, to q^A, 
the right-aQgled triangles QARy qAR, having the side AR m 
common, are equal in all respects. Therefore ^^4 is equal to AQ, 

Any other reflected ray R'S' will of course intersect QA in the 
same point q ; so thiit if several incident rays proceed from Q, the 
reflected rays will all appear to proceed from q, which as we have 
seen is at the same distance behind the mirror as Q is before it. ' 

7. Suppose now that a ray QR (Fig. 3.) reflected into the 
direction RS by a plane mirror HI, meet in S another mirror IK 
inclined to the former at an angle /. It will of course undergo a 
second reflexion, and reluming to meet the first mirror be reflected 
again, and so on ; so that the course of the light will be the brolcen ' 
line QRSTUVX. 

Let perpendiculars be drawn to HI, IK, at the points R, Sf 
T, f^, ... meeting each other successively in L, M, N, O, . . . 
Each of the angles at these points will be equal to the angle at /, 
since for example -KI,/=it/S-E;X = Ji/S--S// = //.S. 

Let the angle of incidence at R (QRm or mRS) be called ^„ 
that nt >S 0£j 



Let also I represent the angle at /. 

Then mRS- ESL = RLS, lliot i», ip, ■ 
siiniliirly LST - STM = SMT, that ij, j>, ■ 



and, hy 


addlliun. 
that 


ii, OKra- 


- STM 


=2t. 


*.= 2., 


Hence, 


mRH, ;rjM" being 


rishl-an, 


5le.. 






ITM- 


STit - ( 
that is, 
that is, 


mRH- 
ITS- 
RTS- 


QH,n) = 2, 
- QKT = 2 


;> 



Kflir, (Ae angle between the original ray, and that after 
mtwo reflexions is double of the angle of inclination of the mirrors. 

Continuing the same process, we shall have in general this 
I series of equatious : 



^ - ^*- 



<pi-^ = « 



If now 01 be any multiple of (, as n — li, we shall have some- 
l where 0„ = 0; that is, some reflected raj will be perpendicfllar to 
\ oneoftliemirrors, and these of course will end the series of reflexions. 

If <pi he not a multiple of a, some value of m will make n— It 

I greater than ^i, and then ^„ will become negative. The gcometri- 

[ cal fact indicated by this is that ihe broken line QRST. . .will 

at length be turned back upon itself, and the light after coming 

I down the angle HIK will go up again. 

It has been seen that the value of ttie angle at a is Z^i — 203, 
r 2i; that at b is the same; that at g is double of these or 4(: so 
that if we represent the lines QR, RS, ST, ... by qi, q^, qa, • ■ ■ and 
ihe angles between them by qi ^3, g, q^, ii-c, we shall have 



5i53 = ?3 9a = 






q Jj„ + ,„ = 2ki 
f (provided in he an odd number.) 



6 

Let k be the intersection of QR and TF. 

/.^kR = kRT + kTR 

IT 

• =^ - (01 + ^); 



= o " 9i + S • ^» 



.*. yi?4 = 01 + 0s = 201 — 2 «. 

It will be easily seen^ that 

gA?6 = 01 + 05 = 201 - 4«, 

M2«= 01 + 02W-1 = 201 — (2iii - 2)«. 

Let us resume now the first equation 

0« = 01 - w — 1 «• 
Suppose I = ; then 0n = 0i — 27r, or — 0^ = 27r — 0i. 

The first and n^ angles will then be equal. 

We must observe^ that there is a limit to the angle of incidence 
after it becomes negative, namely^ the double right angle ; if it 
becomes exactly equal to this^ the last ray will be parallel to one of 
the mirrors ; if greater^ it would meet it if produced backwards. 

If - 0»i = (» - 1) « - 01 = ^, » - I = - — ^; 

that 18^ if 01®, i^, represent the number of degrees in 0i, i, 

180 + 01® 

Q-= — must be a whole number. 



CHAP. II. 

t 

BEFLEXION AT SPHERICAL SURFACES. 

8. pROT. Rays meeting in a point being incident on a spheri- 
cal reflecting surface ; it is required tb determine the directions oj 
the reflected rays. 

liET RAV, (Fig. 4.) represent the spherical surface, which we 
will suppose concave; or rather a section of it by. a diametric plane 



DUUining an incident ray CHi, Q being ilie point from wliid 
lat and the other rays are aiipposed to proceed. 

Draw QA through E the centre of the surface. 

We must hero extend ihe acceptation of the second law, which 
as understood only with respect to plane reflected surfaces, but 
hich is just as true for curved ones, since we may consider the 
oint of such a surface where reflexion lakes place as belonging 
ither to it, or to its tangent-plane, and the angles of incidence and 
;flesioa will be those made by the incident and reflected rays with 
normal to tbe surface at the point of reflexion, 

In the present case, the surface being spherical, the radius ER 
i a normal, and if R<j be drawn making with this an angle ERq 
iqual to ERQ, it will represent the reflected ray. 

The line QEA passing through the centre, is technically Icrmed 
he axis of the reflecting surface, and the question is now to 
letermine the point y, the intersection of the reflected ray and the 



I 



We may be supposed to have given, 

the radius of the surface EA, (r), 
the distance QE, i.q), 
the angle REA, 0), 
ind we might calculate the angle QRE, irp). 

We will call the distance Eg, (/ . 




sin EQR 
' m«ERa' 

sin EqR 
'sin ERg' ' 

sin(9+ij))- 



Ihat 



, 1- _ sin (9 - ip) ^ 

' '/ ~ ■'" * 
.^ , ^ .in(9+^) 

0-<p) _ 



sin ip 



sin tp 



= 2 cos 6 



Hci 



1 



I 



r/y =- 



r + 2<jr cos 9 

9. It appears then, tliat the place of ihe point (j, or tiie 
rlislance Eq depends 011 the value of B, the angle REAy and is 
therefore not the same for different rays QR. It diminishes as 
cos 9 increases, that is, as 9 diminishes, or QR approaches to 
coincidence willi QA. It is important to know wiiat its final value 
is, which ia in fact to determine the point of intersection of ihe 
reflected rays when the incident rays are nearly coincident wirii 
QA, the axii of the surface, forming consequently a very small 
pencil. 

If we suppose 9 = Q, we shall have cos 9=\, and 



1 



r + 2y ■ 



10. If moreover we suppose q infinite, which is si 
rays parallel, we shall have 



This is what is technically termed, the principal focal distance oi 
the reflector, the place of q heing then F, which is called the 
principal focus, and if we call AF, f, we shall have in general, 
that is, for rays nearly coincident with QC, 

9 9 J 
11. These formula: might easily have been obtained directly 
by supposing QR equivalent to QA, and we will make use of this 
method to deduce them in another form which is often more con- 
venient. 



• Taking the general formula in this case, we find 
1 _ 2 COS 3 _ , . ,_ '■ ■ sec 6 

so that, generallv speaking, when the incident ray is parallel to the axis of 
the reflector, the reflected ray bisects the secant of the amgle, which, in the 
more particular case of a ray nearly coincident wiih the axis, becomes the 



Smoe REi (Fig. d.) bisects tl» angie QRq, ird havi; 
And inr tM ifiitititne liiis^ 




49 ^ £3' 
that 19, if we call AQy A; Aq^ il'; Al^, r as before, 

so that ID £ict A^ r, and A^ are in harmonic progressiphi and We 
have 

IIS ^, Af' 

"r + T7 = '^» or A s= 



A A' f ' 2A-r' 

and if Q be su6p6^ed infinitely distant, or -7 = O, 

A 

theii ^ i* - , 6r A' sfc i , 
A r S 

which a^es with th6 preceding formula. 

ff, as before^ w6 put/ foi^| , w6 dhalf haVe 

A' = — =^ , and A'— /*= -*^ v 

A—/ -^ A— y 

that is, f y = -^ , 

frb]^ l^&eiic« it appears, that 

Fg : -FE :: FE : P0» 

12. Upon the t^ole vfe may opUect that if a small luminous 
body be placed fefore a; spbelHcal concave nufror, at some dis- 
tance from it, the distance of the focus will always, be something 
more than half the radius of the surface, which is its accurate Value 
for Ibe fif^ of Ibir Stio, Uns PI0 fiS Urbielf »,re cf9sider|S]| ap 

B 



parallel ; tbat if th« luminous point be moved towards the mirror, ' 
the focus q will come forwards to meet it, and at the centre JE, 
they will coincide, (Fig. 6.) as the formula will easily showj and as 
one might naturally expect, for the rays in that case being all 
normal to the tturface, would be reflected bact upon themselves. 
When the light is brought between the centre and the surface, or 
between E and A, (Fig. 7.) Q, and j in a manner change places, as 
one might expect from observing that in the formula 



A and A' are quite similarly involved, and therefore may be 
commuted without altering the equation. When the light is at the 
middle of the line KA, namely, in the principal focus F, (Fig. 8.) 



the formula shows that v 



— ; = 0, that is, a' infiBite, 



which answers to what we found before, namely, that when the 
incident rays are parallel, or Q is at an infinite distance, the 
reflected rays meet in F. 

When Q is brought between F and A, (Fig. Q.), or A is made 

less than -- , the formula 1 , = - , or — , = , shows 

a' AA'*. A'a.A' 



that — and consequently A', must be negative, that is, q goes to 

the other side of the reflector, and the reflected rays instead of 
converging, diverge. 

When Q comes to A, q meets it there. 

As a converse to the last case but one, we may take that of 
rays converging to a point Q behind the reflector, and reflected tu 
a focus q in front, (Fig. 10.) To accommodate the formula to this 
case, \Ve must make A negative, and we have then 

112 1 S I 

+— = -. or-r, = -+— , 

A A r A /■ A 

which shows a' to be essentially positive. 

The student will find no difficulty in examining particular cases; 
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4ie one most iikdy to occur^.is that in which ,thc radiant poipl is 
at the opposite p<Hnt of the sphere from the centre of the mirror. 

Makinir A = fir. we find here A = — = - r. 

* ^ 2A — r 3 

It will occur to every one, that of the two foci Q, and 9, that 
which lies between E and A moves much more slowly than the 
other, when their places are changed ; in fiict, we have seen that by 
merely bringing up Q from E to F, q was sent from E to an 
infinite distance, and that when Q moved on from F towards jI, 
q came back from an infinite distance on the reverse side of the 
reflector to meet Q at Jl. 

13. We have hitherto considered only one species of spherical 
reflector, the concave ; let us now take the convex, (Fig. 1 1 •) where 
as before, E is the centre, Q the radiant point, QR, RS an incident 
and a reflected ray^ . making equal angles with ER the radius or 
normal. Let SR cut AE in q. 

Then we have, keeping the same notation as before, 

ER _ sin EQR 
EQ ■" sin jEjRQ ' 

, , . r sin (^ — d)) — sin (0 + 0) 

that IS, as before, - = : — 7 = ' — T — » 

' ^ q sm sm 9 

ER _ sin EqR 
Yq "^ sin ERq ' 

. . r sin (tt - 0) + sin {0 - 0) 

that IS, -> = : — T = : — T > 

ij sm sin 

/ r r sin (0 — 0) - sin (0 + 0) ^ ^ 

,% -7 - - = — ^ ^ . . ^ = — 2 cos 9. 

q q sm . 

^ „ 1 1 9, con 6 
and finally, -, = - -•- ' , 

q q r 

which is the same result as before, except the sign of the 2d term ; 
it will however immediately occur , that they may be reconciled 
completely by supposing the radius r to be positive in the one case, 
and negative in the other, which is exactly true in algebraical 



langusge ss flpptieU io Geometry. Thii in however more cl«ariy 
distinguUhefl in the case of the oilier formula, which here becmnea 



for. 


as beiovei -r — 


as 


...».|.= 


A + r 

r- A" 


enc 


Af-SAA'- 


rA' = o 


and 


dividing by AAV, 




A' 


r A 


= 0, 
- as 


above. 





A' 
then A' and i become both negative, which the Figur 



plainly shows. 

Making A infinite, or — 



; find^ 



A' 



I or A = - 



as before, so that the principal focus is here at the bisection of the 
radiuH of the reflector, and of course behind it. In fact, as long 
as A is positive, or Q ts in front of the mirror, so long must q 
necessarily be behind it, and. the reflected rays diverge. 



If, however, 
the mirror, that 



i incident rays converge to a point behind 
A be negative, the formula will become 



and A may be negative, provided 



. that 



, A < i r, 



that if the focus of the iticident rays lie between the principal focus 
and the back of the mirror, the reflected rays will converge. Of 
course, if the incident rays converge to the principal focus, the 
reflected rays are parallel'. 



* Parlicukr examples may easily be multipliEd ; we will only 
utMervc, that wheit Q is at the distance of half a radius in front of the 
mirror, 9 is at one-fuurtb of the radius behind. When JQ crjiiaU the 

radius. 
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. — It will eaady be seen that the effect of a concave mirror 

I is to give convergence to rays, that is, lo increase convergence when 
m^ exists in the incident rays, to give convergence to parallel rays, 

pid evep to divergent within a certain limit, and beyond that to 

nsen their divergence. 

Convex mirrors on the contrary give divergence to parallel rays, 
pcrease previons divergence, and make even convergent lays diverge, 
TT at least diminish their convergence. 



CHAP. IJI. 



ABBBBATION IN SBFl.EXION AT SPHBBICAL SURFACES. 

15. We found in the beginning of the last Chapter, that a 
cone of rays incident on a spherical surface were not so reflected 
ai to meet in a point, but that the point y which we called Ihe 
focus of the reflected rays was, in fact, the mathematical limit of the 
intersections with the oris of raya chosen more and more nearly 
cotDCfdent with it. Let us now examine how much the intersection 
of the axis with a ray at a small but sensible distance from ilj differs 
from this. 



Taking the centre of the surface as the point to mcasufc from, 
(Fig. 12.) 



radius, Aq i& one-lhird of it. There may be Bome little obscurity attending 
the application of the particular formula deduced above for cuiitcx mirrors, 
owing lo our-haviog put positive symbols for AE and Aq, whitb, in alge- 
braical strictness, are negative. The student should use only tbe ori^aal 



formula - + 
Thus if tbe radius of a i 
radiant poiut from it 9i 
gt inches behind the niirri 



0, putting negati\ 



lvalues for A or rwhen'necessary. 
6 inches, and the distance of tha 
-, + s = 0, whence A' = - 



9 
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Let q represent EQ\ ' 

q Eq > as before, 

/ EF) 

and V being the actual intersection of the reflected ray -and axis^ 

let q = Ev. 
Then since q' is the limiting value of q when d s 0, we must have 

d being made equal to in every difl^erential coefiicienty or if we 
consider q as a function of the versed sine of d, which we will 
call Vy 

The brackets indicating that v is made = in each coefficient. 

. Now«'= ll—^ if . ^ ^L 

J + qcosO y + y(l— versing) q-Vf—q'o 

1.2 dD* 1.2(q+f-qvf (?+/)" 

and so on, whence 

^"g+/ (?+/)'(?+/)'(?+/)* ^'•" 

This in geometrical terms amounts to 

_ ^ QF? AN , QE:' AN^ 

The Aberration is represented by this series withput its lirsi 
term ; and when the angle 0y and a fortiori its versed siqe, are but 
small, the second term of the series will give a near approximate 
value. 

lie* The above is perhaps the neatest way of obtaining the 
fiir the aberration : it is sometimes done by a method simpler 
principle 



15 



y«= —M. jL 



9+y •- ?+y v+/^ 



-I 



q-^f iq+ff (q+ff 



"T" • • • • 



l6. There is another series a little different from this^ but 
which amounts nearly to the same thing. 

* « 

If we take the letter a to represent the aberration^ 

a=q^-q'= 9f_ qf^ 

f+q cose f+g 

^ qf ( f-^q .\ 
f+q \f+q cos J 

qf q — q cos Q 
~ q+j" f+q cos e 

qf q ver sin 9 

q +f ' (f+ q) cos 6 +f ver sin Q 

(j+/)'. cos ■ J "^ iq +/) cos 0) 

~ (y +/)«. cos I ' (,q-{-J')cose ■*■ (jH/)* cos ^ "*"• '. • 
_ ^ f **>■ sin ^ ?' /« ver sin d* 

~ (9+7^-^ ■ cos ~ (^+ff'^ ' cos e* "^ ••• 

ver sin B I — cos ^ 

Now ;r- = ;;; — = sec - \: SO that /* being half the 

cos cos ' J B 

radius^ f zr- is tlie algebraical value of half the excess of the 

/•;' cos * . 

secant over the radius^ and if RT be drawn touching the surface at 
y we shall have the following series in geometrical terms. 



QH" AT ClI? AT^ , QE" AT 



3 



+ 



QF* ' a QF" • 4 Q£ ^ Qf * • 8 Q£* 



• • • • 



I« 



^ 



The first term of which differs but little from thai found before, ai 
ers but little from ver sin B when cos 9 is so oearl; 
equal to I. 



/ 



cos 9 



When the incident rays are parallel, the aberration 
or 4 AT accurately. 

If0 = 30^a= (-^-t)-^' ^°'^ = ^' « = ( V2-l)/i 
for d = 60j a^J'; so that the point v coincides with j4. 



CHAP. IV. 



EFLEXION AT CURVED SURFACES NOT SPHERICAL. 

17' It will be recollected that the conmUDu parabola has the 
peculiar property that two lines drawn from any point on the curve, 
one to the focus, the other parallel to the axis, make equal angles 
with the tangent or normal ; whence U follows that rays proceeding 
from the focus of a paraboloid will be reflected accurately parallel 
to its axis, auil vice versA rays coming parallel to the axis witl be 
made to converge accurately to the focus or from it according aa it 
is the concave or convex surface that reflects. 

1 like manner rays proceeding from one focus of an 
ellipsoid will be reflected accurately to the other focus, or if the 
oUt#&rd be the reflecting surface, rays converging toward one fecMj 
will diverge after reflection as if they proceeded from the other, 

19- The analogous property of the hyperbola leads one to t^ 
conclusion that the surface generated by the revolution of that figure 
about its major axis, is such that rays meeting in one focus, w^l after 
reflexion diverge from or converge to the other. 
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20. These are the^ only surfaces that reflect light accurately 
in the manner we have described % which the simplest of all curved 
' surfaces^ the sphere^ does not do; as to other surfaces, if we had 
occasion to treat of their reflexion, we should proceed in a manner 
similar to that used for the sphere, but in most instances if it were 
required to investigate the simple case of a small pencil of rays 
incident perpendicularly, it would be easiest to substitute for the 
surface its osculating sphere^ that is, provided there were one, which 
is always the case at the vertex of a surface of revolution. 

All this will, however, be much better understood after going 
through the next Chapter, which places the subject in a more general 
point of view. 



CHAP. V. 

OF CAUSTICS PRODUCED BY REFLEXION. 

21. We have hitherto considered only the places where re- 
flected rays intersect the axis of a spherical mirror ; we will now 
examine their intersections with each other, and treat the question 
in a more general manner, that is, we will suppose a cone of rays to 
be reflected at any surface, any how disposed with respect to the 
radiant point. We will^ however, simplify the question a little by 
taking only a plaue section of the surface through the radiant point. 

In Fig. 15. Q represents a point from which proceed rays QR, 
QR\ QR" .... which are reflected at the curve JR . . . It'^ into the 
directions JRr, JR'/ .... 

The question being merely one of Plane Geometry, it will im- 
mediately occur to the reader* that these reflected rays must be very 

♦ The solid generated by the revolution of the catenary about its axis 
reflects, pretty accurately, pamllel rays not far from its axis, as that curve, 
for a short distance from its vertex, is very nearly parabolic. 

C 



SbTs ilrBwii at tliftWeiit points of a curve, uihI thai 
9 these bji tlieir mutual intersections pvodiicc a broken line, which 
becomes a regular curve, when their number is increased without 
limit, so the reflected rays should give lise to a similar broken line 
and curve, which is, in fact, the c.ise, the curve being what is techni- 
cally termed n caustic *, 

22. Paop. Given a point from which a thin pencil of rayt 
proceeding, fall on A curved reflector, to determine their intersections 
aftertke refiesion. 

Let Q.R, QR' (Fig. 16.) be tvto incident raya, Rg, R'q the 
reflected rajs meeting in §, RE, R'E the normals at R, R' meeting 
in £, which if we suppose the distance RR' to be, according to 
the phrase, infinitel]/ small, will be the centre of the osculating 
circle. 

Let QE = g 

Eq=t y' 

QR = u r 

Rg = V 
^QRE, or Enq = <p 
ER = r. 

Then since a small variation ir 
finitely less variation in that of g, 
equations by differentiating those above, 

= udu — rdu cos <}>+rit sin <p.d<l> 
O^vdv — rdv cos (p -[- rv sin (p.d(p. 

Moreover, since QK, Rg, QR', R'q make respectively equal angles 

with the curve, as in an ellipse, of which Q and q would be the foci, 

QR + Rq = QR' + R'g, or u+v does not vary, 

that is, d» + dv=0, 
so that our equations now stand 

0= udu — rdu cos <f>-\-rn ain ^.d<p, 
0= —vdu-\-rdu cos ^+ri' sin fp.dtp. 



= «'■' + / — Qrw cos ^ 
:w' + r^~ 2j'U cos ^ 



the place of R causes an in- 
may establish the following 



• Strictly speaking this curve is but a section of the caustic, which i! 
'ace like the reflector which produces it. 
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and if we multiply the first by v, and the second by u, and subtract^ 
we shall have 

= ^uv — (u + v) r cos if); 

' ur cos 112 

and .\v = ^*-— J or - + - = -, 

2 m — rcos0 u V r cos <p 

and if we put £/* for r the expressions will be rather simpler^ 

uf cos 11 1 
^ ~ 7%~7k^ or - + - = -: . 

U — / cos U V J cos 

23. Here we may observe, that if u be infinite, that is, the in- 
cident rays parallel^ we have simply v =yco8 0, which referred to the 
geometrical figure^ shows that ^9 is in that case one-fourth of the 
chord of the osculating circle so that if jRy be a tangent^ and Qy 
perpendicular to it, calling Qy, p, we have in general 

1 1 9,dp pudu du 

- -J- - = — ;— , and V = r— =: -r-; 7- 

u V pau 2udp—pdu dp du 

p u 
du 






u 



m 

24. Prop. Given the radiant point, and the reflecting surface, 
to describe the caustic. 

In order to determine the nature of the caustic curve, that is, the 
section of the superficial caustic, we may consider it as a spiral 
having Q for its pole. 

Let Qx (Fig. 18.) be drawn perpendicular on Rq which is of ^ 
course a tangent to the caustic at q. Call Qq, vl \ and Qx, p . 

u^ = u^ +v^'^2uv cos 2 <pj 
p —u sin 2<f>, 

P 2p^ . ^p. / ? 

asi-. •. COS20 = — - 1; sm20 = — V I — T* 
^ u u ^ u u 



COS 

' u' ' ^ 

.2 



... „'i = u*W"^uv (^ - 1) = (« + .)* - ^^, 

\u y u 



V7 



v:r^ 



Tlit'ii if for V be put its valu 



"/"■» or -^, ™<i for 



-/< 



/( ihe propel funclioi) of u given by llie eqiiutioii lo the original 
curve, and ii be ihen elimiaated, we sliall liave hii equation in ji' anil 
p, wbicli «ill be that of tliu caustic*. 

25. Ill Older to obtain an equation in rectangular co-ordinates. 
wc may proceed as follows: 

Reasoning as before, since the caustic is formed by the con- 
tinual intersections of the reflected rajs, two of these are necessary 
to determine one point of the caustic, and the point where one of 
them meets the cautitic, is that which it hat* in common with tlie 
next; so that if we refer the two retlected rays to the same abscissa, 
their ordinates, differing in general, coincide at this point, and as 
Jar as that point is coiicemedy a change in the point of' the reflecting 
curve, or in its co-ordinates, takes place without any altersilion in the 
co-ordinates of the reflected ray (Fig. IQ.) 

We have therefore only lo find the equation to the reflected ray 
belonging to an assumed point of the curve; to ditTerenliate this, 
considering the co-ordinates of the curve as the only variables, and 
eliminate these co-ordiuates between this equation, its primitive, 
and that of the curve. 

An Example will make this more intelligible. 

To diminish the length of the process, we will confine ourselves 
to the simple case of parallel rays, and take one of them for our 



, if the reflecting curve be a logarithmic spiral, and Q it 
pole, its equation is of the form p=mu. 



2dp dii —"' '' 


= 2> 


«V:- 


/j=; »" = 4i(= 


-4---- - = 


= 4«'( 


-«'), 


p u 














whence we tiiid f'=m 




and ihe 
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rufore anulhur logu 


rithmic 


s|iiral differing from iL 


lui- 


my only 
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P principal co-ordinate axis. Let A N (Fig. 20.) be this axis, AM, 
I JlfP co-ordinates of the curve, PAT a normal, QP, Pv an incident 
} and a reflected ray. The question is first to determine the equation 
, of the line Pv. Since this line passed through the point P whose 
co-ordinates are x^y^ the equation must be 

r-y = a(X — x\ 

a being the tangent of the angle PvN. 

Now, 

tan PvN=: - tan vPQ= - tan 2 NPQ= —tan CPIVr. 

And since PN is a normal, 

dx 
2 — 

// 30 /111 S /# J'' /l li 

tan PNv = — ; /. tan 2 PJV» = /» = 3-r |-r. 

dj/ d^ dy*-dx' 

dy* 
The equation is therefore 

» « 

dxdy 
and we have to put for -^-s — ^t~^ its value in terms of the co- 

'^ dy^ - dx^ 

ordinates given by the equation of the curve, and eliminate x and y 
between this, the equation (1), and its derivative. 

26. The process is sometimes facilitated by taking for the 
variable a function of the angle PNM, as its tangent which is 

djc 
equal to — . The quantity we have called a is the tangent of 
ay 

twice tliis angle, and if We put 9 for this angle, the equation to 
the reflected ray is 

^r taud .v^- V 

Example. Suppose the curve to be a common parabolayiis 
equation is y^ = 4iax, 

taud=T"=f^» 
dy 2a 
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/. y = 2a taii0; a:= — = a tan ^. 

4 a 

Then if wc put t for tan 0, 

.-. r(i -o+2(Jr— a)< = o (1). 

Then differentiating with respect to t, 

'-tY+X-a=0; .-. t=^-^.. (2); 

and substituting this value of t in (1), we have 

XT /, (X~a)*\ (X— a)* v« . /v \4 i^ 

r (^1 Y^~) F — ' ^^ -f (X— a) =0; 

the equation to a pointy namely, the focus, where X=a, 

27* The method pursued in ihe following example is per- 
haps less elegant than that just given, but it has often the advantage 
of being simpler and less prolix* 

Required the form of the caustic^ when the re/lecting curve is 
a common parabola, and the incident rays are perpendicutar to the 
axis. 

Let P (Fig. 21.) be a point of the curve MP, Pq an incident 
and a reflected ray. Then, taking for granted that when ^ is a point 
of the caustic, l^g is one-fourth of the chord of the circle of 
curvature at P, we have the following easy method of determining 
the co-ordinates of q. 

Let AM = JT, 

An =^ X, dx 

nq= Y, „ d*y - 



MPG = ^; 

sin d) = — > : cos d> = — . ; 



\ 
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sin2o = — ^—z; cos 2d> = ^• 



/ 



X = ;c + » sin 2d) = x— T7, 

-I '3 

So far all is general ; in the particular example proposed, 

. 1 — ax"^ , , x' — ax* 

F=: y H 3r"3a- = 2a* X* r — 

*^ — a*x » a* 

3ax* — x^ 



a* 
9a~ ^ 
3 VSa* 



Jf*. 



From this it appears that F = 0^ or the curve crosses the axis, 
^here X=9a, which answers to the point in the parabola for 
;hit:h x = Soj 

dx 3 \/3a* I 2X* J 

- ^ 9fl-3X 

"" 6 V^a^ • Jfi • 

When X = this is in6nite, so that the caustic like the reflecting 
mrve is perpendicular to the axis at its origin : when 

^ dY 1 —18a —1 

dX 6 t/3a* *3a* V^S 

The angle at which the caustic afterwards cuts the axis is 
herefore that having for its natural tangent -—y- , which shows it 

be one of 30^ 

The curve extends without limit in the same directions with its 
enerating parabola. 
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28. lieqnired the form of the caustic when the reflecting curve 
4« an ellipse^ and the radiating point its centre* Fig. 22, 8u:. 

The polar equation to an ellipse about its centre being 



p' = 






a' + b'-u" 
we have 

p a o 



2\ > 



n u(a'+b'--tt) 
and — - — = _ - + ^ 



«\ ' 



du u «* + **-»/' M(a*+6*-M*) 



2 I » 2 2 

3 ?r - (or + 6^) 

Hence, when u = a, v = — ^ ,, fl^ 

a' 
and when m = 6, v = —73 5 6- 



The former of these values is always essentially positive, since 
a is supposed to represent the semi-axis major ^ and therefore 2 a' 
must be greater than }?" ; but 2 1?" may be equal to, or greater than 
a^, so that when n = b^ v may be infinite or negative. 

When Q,b^ >a^, the form of the caustic is such as that shewn 
in Fig. 22. 

When b = a, u =- b gives x; = 2 6, and the curve is that of 

Fig. 23. 

When Qb^^a^, we have infinite branches asymptotic to the 
axis minor, as in Fig. 24. 

' When 26* > a^, there are asymptotes inclined to th^t line 
(Fig. 25.) 

29* There are some simple cases in which it is easy to deter- 
mine the nature of the caustic by geometrical investigation. 



Pros. To Jind the form of the caustic, telten para/hl raifi 
are reflected hi/ n spherical mirror. (Fig. 26.) 

Taking as usual a. section of the mirror, let I'p be one of the 
reflected rajs, touching the caustic iu p. Then, since wc know 
that iu this case Pp is one quarter of the chord, if EP be bisected 
in O, and Op Tie joined, OpP will be a right angle, and if a circle 
be described through the points PpO, OP will be the diameter of 
it. Let R be the centre, join Rp. Then since OPp = EPQ.= 
PEA, if 3 circle be described with centre E and radius EO, cutting 
the axis EA iu F, the principal focus, the arc OF which measures 
the angle PEA to the radius EF, must be equal to the arc Op, 
which measures twice the angle OPp to the radius OR, which is 
half of the other radius P.O. 

It is plain therefore that the curve Cp F must be an epicycloid 
described by the revolution of a circle equal to PpO, on that of 
which FO is a part: and that there must be a similar epicycloid 
on the other side of the axis ; moreover that if the other part of 
the circle, CBc, represent a conveit mirror, there will be a similar 
pair of epicycloida formed by the intersection of the reflected rays, 
considering them to extend behind the mirror without limit as all 
straight lines are supposed to do in the higher analysis. 

Prob. To describe the caustic given hy a spherical reflector, 
when the radiating point is at the extremity of' the diameter. 



K ton 

^M Let Q, (Fig. ^8.) be the radiating point. Pp a rctlecled 
^B^acfaing the caustic in p. 



t'e shall see that the section of the caustic consists again of 
epicycloids. 



It appears from the equation — h - = —, that Pp is 



£ one-third of the chord, (since ii = 3r cds0) ; and there- 
fore if E, G be joined, and PE be trisected in the points R, O, we 
shall have the triangle PRp similar to PEG, two sides of which 
being radii, PR must be equal to Rp. With centre R let a circle 
be described through the points P, p, Oj and with centre E and 
radius EO, another circle, which will of course cut EC in V, the 

Ills of rays reflected at points infinitely near A, AV being one- 



third uf AQ. The. 



iiigle ORp i« .louble of OPp, it 



mu»t be equal to the angle AE)', which is double of EPQ, aoA 
the radii EO, RO being equal, it follows, thai the arcs Op, OV, 
2 be equal, and thiit the locus of the point p ii 



must 111 every case h 

epicycloid described by the revolution of a circle equal to PpO 

round that of which Of is : 



olulion r 
: part. 

30. These are the only cases in which the caustic to a sphe- 
rical reflector is a known curve; we may, however, without much 
difficulty, make out the kind of figure that it assumes in other cases, 
though the investigation of the equation is very le4iou3. 

When the radiant point is at a finite distance without tlie circle, 
the form of the caustic is naturally intermediate to those already 
found. It is represented in Fig. 27. The caustic touches the 
circle at the points C, c, where tangents from Q meet it, and it 
has a cusp at f, the focus of the principal reflected rays. There 
is also an imaginary branch Ciic. 

When Q is within the circle, and EQ is greater than half the 
radius, the caustic takes the form represented lu Fig. 29, with a 
cusp at V, and two others at C, c. There are two infinite branches 
extending along the asymptotes DO, DC. 

There is another part with a cuap at xi, and two infinite 
branches having the some lioes DG, DG' for asymptotes. 

When Q bisects the radius EB, the caustic is such as n 
sented in Fig. 30. V bisects EF, and the axis EA supplied! 
place of the asymptotes of the last case. 

When EQ becomes less than half the radius, the caustic coj 
tracts to the form shown in Fig. 3 1 . EF is then less than half i 

When Q comes to the centre, the caustic is reduced to 
one point. 

31. pROB. Supposing the form of the reflecting surface to 
be that generated by. the revolution of a cydoid about its axis, and 
the iiicidenC rays to be parallel to that axis, it is required to de- 
scribe the caustic. (Fig. 32.) 

^^Let Pp be a reflected ray, touching the caustic in p, PG the 
norm'sk Then, since Pp must be one- Fourth of the chord of tliA 
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osculating circle^ and that in the cycloid, the normal is one-fourth 
of the diameter of that circle, Gp P must be a right angle. Let 
CK be the diameter of the generating circle of the cycloid, when 
the describing point is at P ; H the intersection of this with Pp'. 
Xhen, since Hp G has been proved to be a right angle^ a circle 
passing through H, p, G, will have HG for its diameter. More- 
over H is the centre of the circle GPK, for the angle HGP is 
equal to GPN, and consequently to GPH, Since then the radius 
of the smaller circle Hp G is half that of the other^ and since the 
angle GHp is double of the angle GPr^ it follows, that the arcs 
Gpj Gr are equal, that Gp is equal to GD, and, that the locus of 
/? is a cycloid having Gp H for its generating circle. 

The surface generated by the revolution of this cycloid about 
ADf has of course a cusp at D, 

32. Enough has probably been said on this subject. Which might 
without much difficulty be prosecuted further, but it is one rather of 
curiosity than utility, and more suited to the speculative Geometer, 
or Algebraist, than the practical Optician. 

33. Some writers have investigated expressions for the density 
of rays, ^or brightness, at different parts of a caustic : it may be 
sufficient to observe, that it is much greatest at and near a cusp. 

34. , Some of the forms of caustics above described may be 
exhibited in an imperfect manner. If a concave reflector* be 
placed so as to reflect directly the rays of the Sun admitted through 
an kperture into a dark room in which there is a good deal of dust 
or smoke, there will be observed a bright funnel-shaped form, such 
as that represented in Fig. 33. This, however, is not a simple 
caustic, such as that described in Fig. 26, because the solar rays 
would not in any case converge to one single point, but to a circular 
image, as we shall see in the next Chapter. 

35. It is sbmewhat remarkable, that an infinite number of 
dififerent mirrors may reflect rays proceeding from a given pomt, so 
as to produce the same caustic. 



-s- 



* The inside of the cover of a watch will answer the purpose cx.- 
tremely welL 



Lei Q, (Pig. 17-) be tlie radiant point, MifN the causltc, 
Rt/ a reflected ray toucliing it in y. All we know about the re- 
flecting curve ARB is, that every pair of lines such as QR, Rq, 
make equal angles with it. Now it will easily be seen, that there 
is no limit to the number of curves that will answer thin condition, 
any more than to the number of ellipses that may have the same two 
foci. If QRy were part of a string fastened at Qand ^, so as to lap _ 
round the part Ny of the caustic, and extended by a pin, this pin 
would describe the reflecting curve ARB, and of course it is oujy 
necessary to change the length of the string to produce any number 
of different curves. 

The algebraical explanation of this seems to be, that the equa- 
tion du + dv = 0, requires for its integration a constant, which is 
Just as arbitrary here as in the case of the ellipse iu which the line 
represented by v is always measured from the same point. 



CHAP. VI. 
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H 36. When a suflicient quantity of light falls on an objncl 

H which is neither transparent nor specular, (that is, polished soffi- 

H ciently to reflect properly,) it is dispersed from every point in all 

H directions, and makes the object visible to a spectator placed on any 

B side of it. If this light meet with a specular surface, either plane 
or curved, it will be reflected regularly according to the laws we 
have investigated in the preceding chapters, and since for every 

_ pencil of rays falling any how on a plane mirror, or nearly perpen- 

H dicularly on a curved one, there is a focus of reflected rays, it 

H follows, that the principal part of the reflected light will as it were 

^1 proceed from the various foci of reflected rays, and the cflTect will 

^1 be the same as if the same quantity of light came from an actual 

^M substance, of which each point should correspond or coincide with 

^H one of those foci; this is technically expressed by saying, that tli^, 



i 



from the image of the object from which the light origi- 
' fell oa the mirror. 

f 37. There is a diatinclioiij thougii not a very importaut one, 

some optical images and others. In most cases in which 

I reflesioii is made by a concave mirror, the rays proceeding 

: various points of an object are mude to converge, and 

tually meet in points constituting the image^ and afterwards 

I from those points, as they Mould from a real surface placed 

so as to make it visible. In other cases the reflexion only ' 

cliaages the foci from which the rays diverge, and it is only by 

being produced backwards, that the rays can be said to meet in 

certain points. ' , 

38. There are some cases in which an optical image does in 
fact present the appearance of something real. If a candle be held 
before a concave mirror in a dark, room, there will often be seen an 
appeurancc of an inverted flame Jn the air, o*ing to the reflected 
light converging to foci in front of the mirror, and there illuminating 
strongly the particles of dust floating about in the room. The 
image may generally be made more evident by holding a piece of 
paper at the place to be illuminated by the reflected light. 

39. In tlie case of a plane mirror we have seen, that when 
any pencil of rays fall on it, the reflected light proceeds from a 
point at the same distance behind the mirror, as the focus of inci- 
dent rays is before it. It will therefore be easily seen, (Fig. 34.) 
that the image of an object placed before such a mirror must be 
exactly similar to the object itself in point of form, all the points 
in the surface of the object having points corresponding to them 
which are similarly situated with respect to each other. Thus 
when a man looks at his reflexion in a plane mirror or common 
looking-glass, he sees a figure exactly like himself in form and 
dimensions, only that what is the right hand of the flgure answers 
to his left, and xhe-mrsa*. This rerersioji of the figure of course 
lakea place in all such reflexions. 



' We may observe, that the leogtb or height of an upright mirror, in 
which a tiian may just see his whole persnn, must be just half his height, 
since it stands just half way lietween his eye and hia imuge, Fig. 35. 
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40. JVkeit till objed h placed between two parallel pli 
mirrors, in the lir.Nt ptacu it is reflected at each of them, wUI 
produces two images ; these are again reflected 
tu which they Rie opposite, and thus there is formed an infintB 
number of images growing more and_more distant and more indis- 
tinct on account of the light which is lost at each reflexion. 

To make this plainer, let O (I'ig. 36.) be an object considered 1 
as a point placed between the two mirrors XY, ZV. AB a line | 
through O perpendicular to ihe two mirrors. 

Then there is first a reflexion at A, which gives an im^e ( 
then n reflexion of this image at C, which gives another image ( 

of O" at A, (T; 

and so on. 



image 0„ 
image 0,„ 

o„„ 



AgMTi, there is a reflexion at B, giving an 
a reflexion of this at Aj giving anothei 
;.of 0„ at B, 

and so on. 

An eye placed any where between the mirrors as at E, will see 
all these images in the directions EC/, E(y, .... E0„ E0„. . . . 

The reader may perhaps find some difliculty in underBtandiI^^ - 
how the image 0', for instance, can be reflected at B, wh&n it is 
behind the mirror XY, so that no light could come from C to B ; 
but he has only to remember, that the light never goes from between 
the mirrors ; 0', O", Stc. are merely imaginary points, where the 
rays intersect the liue AB. 

The distances 0(y, 00", file, are easily calculated. Tf we put 
a for OA, b for OB, and c for AB ar a + b. 



If the mirror be inclined to llie line of the body, its length may of course 
be easily calculated by Trigonometry. The data required are the height of 
the body and of the eye, and those which determine the position of th>j 
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-00" = 20'vB-0'A = 0'J5 + OB = 2^B = 2c, 

r oa" = 2 A'a'^ 00" = AO"+Ao = 2 oo"+ ^io = 2c + 2a, 

• • 

00, -^OB-b, 

00„ = 9.AO,-'00, = AO, + AO = 2AB = 9.c. 

00,,, = 2 J30,,- 00„ = JBO„ + BO = 00„ + 2 BO = 2c+26. 

The angular distances between the object and the images^ that is, 
the angles OEO', OEO", 8cc. may be calculated by means of their 
tangents; thus, if £^A^ be perpendicular to AB, 

NO' * NO 

OEa = NEa -N£0 = tan-' ^ - tan"' -^, 

EN EN 

NO" NO 

OEO' = NEa' + N£0 = tan-' ^ + tan"' --^,, 

EN EN 

NO''' NO 

OEO"' = NEO'" - NEO=^tah^'~=r - tan""' ^;^,, &c. 

EN EN 

Thus supposing the distance AB is 5 inches, 

thatjl0 = 2, 

BO = 3, 

EN=6. 

-Then 00' = 4; 00"= 10; 00'"= 14, &c. 
00, = 6; 00 „ = 10 ; 00,,, = 16, &c. 

— = l =,1666 . . . NEO =tan-',l666. . . = 9*. 27' | nearly, 

— = 1=,83S3... NEO = tan -',8333... = 39°. 48' I; 

.-.OEO' = 30". 21'. 




.-. OECy' = 65". 4(). 

Tlie distances EO', £0", 8tc. are of course the secants of lliett 
angleii to the radius EN, 

41. Suppose tiow that the mirrors instead of being parallel 
are inclined to each other, as HI, IK. (Fig. 37.) 

In this case, the images of an object O will no longer be in 
the same straight line, but it will easily be seen, that they will be til 
at the same distance from the intersection of the mirrors ; for if 
10, 10', for example, be joined, the two right-angled triangles 
IIIO, IHO' are exactly equal in all respects. 

There are of course here, as before, two series of images, 

a, O", O'". 8lc. 0„ 0,„ 0„„ &c. 

their number will not, however, be unlimited, as Me shall see> 

In order to determine their places, we must find the value 
the angles 010', OlQf' . &c. or of the arcs 0(7, Off', which 
measure them in the circle rolind /, containing all the images. 

Let HIO or HO = 9, the radius being taken as the unit, 

OIK or OK = 9', 

HIK or UK = I. 

Then 00' =9. HO -9.9, 

Oa' = <i.Ka~00' = KO' + KO = 'ZKH=Z,, 
OO" = 2 H0"~ 00" = Ha' + HO = 00" + <2HO 

= 2t + 2C, 

00" = 2K(y"-oa"~£a' .i-KO=oo"'+2KO 

&c. &c. 
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00, = 2K0 = 20', 

00„ =qHO, - 00, = HO, + HO = 2HK = 2i, 

00„, = 2 K0„ - 00„ = K0„ + K0 = 60„ + 2 A'O 

= 21 + 2 0', 
&c. ■ &c. 

The number of images is not unbounded in«this case, as in that 
of two parallel mirrors, for when any one of the images, as 0^**\ or 
0(n) g^ts between the lines HI, KI produced, no further reflexion 
can take place, as no rays proceeding from such a point could fall 
on the face of either of the mirrors. 

In order to express this condition algebraically, we must 
observe, that of the first series of images, O', 0"\ O^, &c. lie on 
one side of the mirrors, and O", O*^, 0^\ &c. on the other^ and 
that if O^^'"*"^^ for instance, be the last, the distance jKO^*"'*"'^ or 
2wi + 20 + 0', that is, Q,ni+i + 0, must be the first that is greater 
than Kk or IT, • ^ 

that is, (2w + ]) i +0>7r, 

or 2 w + 1 > . 

t 

If 0<*"* be the last image, ^e must have fl6^^*» <: w; 

TT— 

that is, 2ni+9 > Tr, or 2» > , 

the same expression as before, 2n + 1 being the number of images 
in the one case, and 9,n in the other. 



In like manner we should find, that the number of images in 
the other series is the least whole number greater than 






Off 

If i be a measure of W, since - and ~ are proper fractions^ 

the number of images in each series must be — , and therefore the 

whole number of images — . In this case, however, two images _ 

E 



of ihe different series will coiiicidt^ ; foe if - be an even number, 

some one of the distances 00" or 00„(2(). 00'^' or OOi, (40,4c, 
will become equal to v, so Ihat 0'"" and 0,^,,, meet at the opposite 

point of the circle from O ; and if ~ be an odd number, we must 

have (%n+ !)( = ■»■, 

that is, 4«i + 2t = Stt, 

that is, 2nt+2e+ 2h(+ 2fl' = 27r, 

that is, 00'^''*"+ 00, ^,^1^ =2ir. 

It appears then upon the whole, that taking in the object 0, the 

whole number of points visible will be — . 

42. Let us now consider the images produced by spherical 
reflectors. We must of course find the focus of reflected rays 
corresponding lo each point in the object, and consider the figure 
which all such foci compose by their aggregation. 

As a first instance, suppose there be presented to a Bpherical 
mirror, a portion of a sphere concentric with itself, (Fig. 38.) All 
the points of this are equidistant /rom the centre of the sphere, 
if they be considered as foci of incident rays, the foci of reflectei 
rays will all be at some other distance from the centre, on the »ai 
rddii with them, so that the image will be a portion of a sphere li 
the object. 

43. Prop. Let a plane object he placed in front of a sphe 
rical mirror, so at to he perpendicular to ih axis; required tht 
form of the image. 

Fig. 39 represents a section of the object and mirror, (a conci 
one) through the axis. PQ is a part of the section of the objec 
having for its image pq, q being the focus of reflected rays answep 
ing to Q, and consequently lying on the same diameter with it. 

In order to determine the form of the image pq, we will c 
sider it as a spiral curve referred to the centre E as a pole, 
EA as an axis. 
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. Then supposing the object PQ to be beyond E the centre of 
the mirror. 

Let 9^ represent the radius EA^ 

e angle PEQ, 

c line EPy 



V cos ^/ 



Then, referring to page 8; we find 

1 1,111 ^ 
-, = -. + - = - + - cos 0. 

Now the polar equation to an ellipse referred to the near focus is 



p a(l-e*) aO-e'^) 



g7 + -7; 57 cos 9, 



which coincides with the above, provided a (1 — e^) ==/", and 



-8> 



— — =c: that IS, e= - , 
e c 

It is also necessary, that e be less than unity, th^t is, c >/. 

44. ^here are some things to be remarked in this elliptic 
image. We found the quantity a {\ — e*) to be constantly equal 
to the half radius. . Now a (i -* e^) is half the latus rectum of the 
ellipse^ which is also the radius of curvature at Ae vertex. It 
appears then, that although the place of the vertex p, and the 
magnitude of the ellipse, depend on die place of the point P^ yet 
the curvature of the image at the vertex is hrvariable, as is the 



mtus rectum of ihe ellipse, which passes through E, and is always 
equal to llic radius. 

Ill order to accouut fur thia geometrically, we must observe, 
that rays proceeding from a point at an infinite distance from a 
mirror, are reflected to the principal focus which is at the middle of 
the radius containing that point in its prolongation. Now PQ ' 
being perpendicular to AP, a line drawn from E to a point in PQ 
infinitely distant from P or E must be perpendicular to AE, and 
the focus for rays proceeding from such a point will necessarily be J', 
the middle point of the radius £N' which is perpendicular to AE. 

It appears, that supposing the line PQ to be infinitely ex- 
tended both ways from P, and to be placed in AE produced, at n 
distance from E greater than half the radius, the image is a portion 
of an ellipse*, extending from the e.\treinily of the axis major lo 
those of the Intus rectum ; we shall see hereafter how the ellipse 
may be supposed to be completed. 

It is, however, necessary that we examine what change takes 
place iu the image when P is brought within the limit assigned 
above, namely, when EP is not less than half the radius, or further 
when P is placed on the other side of E. 

In the first place, when EP is half the radius, we have 

1 - 1 

In this case then the ellipse changes to a parabola, (Fig. 40.') 
Suppose now EP be less than half the radius, 

_/- 
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When P is between A and £, EP or c is negative; our 
formula then becomes 

111^ 
' -7 = 7. cos 0, 



which answers to 

1 1 



cos 6, 



p a(l— e*) a(l-e') 

p a (e - 1) a (^e*— 1) 

the former of which is the equation to an ellipse^ when the angle 9- 
is measured fronT the farther vertex, and is consequently the sup- 
plement of that used in the former cases ; the latter is the equation 
to a pair of hyperbolas. 

This latter case we will now examine, as it comes first in order. 

Let then P, (Fig. 42.) be between E and Fy (the principal 
focus). In the first place, we kHow that if A: be that point in 
PQ for which Ek^EF^ the image of K must be infinitely distant, 
so that the line Ek must be parallel to one of the asymptotes. 

Again., if g be the point wh^re PQ, cuts the circle, its image 
coincides with it. Every point between k and g has its image 
without the circle, the distances of these images diminishing 
gradually from infinity to the radius. 

It appears, then that the image in this case consists of an 
hyperbola, and its conjugate, wanting the part between the vertex 
and the extremities of the latus rectum. 

When P coincides with F, (Fig. 43.) the image is a parabola, 
wanting the- part about the vertex extending to the extremities of 
the latus rectum. 

The equation in this case takes the form 

^1 11 /, 1 , 

—, =s 7 - ;: cos tf = ;; (1 - cos e\ 

iff f 

°'« - 1-COS0' 

which we know to be that of a parabola, in which the angle 9 \% 
measured from the axis, not beginning at the vertex. 



When P in between F and A, (Fig. 44.') c >/; e < 1, andlbe 
image is pwrt of an ellipBCj namely, ull but that pari whi 
found in the first case. 

If we aupposij P to go outside of the circle beyond J, (Fig. *W 
we shall be led to the case of a convex mirror. 

Our equation will atill be 



1 / ^ 

and the image will in all cases be a part of an ellipse, turning ill 
couvesity towards P. 

When P is on the circle at A, (Fig. 45.) the image extends from 
that point both ways to /, /', the bisection of the radii EN, E^, I 
which are parallel to PQ. 

When P is at an infinite distance from A, the image is a semi- 
circle with centre E, and radius EF. 

45 We may now show how the curve of the image, which we 
have in different cases found to be a part of a conic section, nHj 
be supposed to be completed. 

Supposing in all cases the Hue to be infinite in extent eacli 
way. I 

In the first place, when P is at an infinite distance, (Fig. 47.) 
the aemi-circle NAN' representing a concave mirror gives a semi- 
circular image /■/■y" ; and the convex mirror represented by NA' ^ 
gives the image fF'f, which completes the circle. 

When P is at a finite distance outside the circle, the concave 
and convex parts give together a complete ellipse pfp'f, (Fig. 48.) 

When P is on the circle at A', the elliptte is such as represented 
in Fig. 49, where Ep is two-thirds of EF. 

When P is between A' and F, the ellipse cuts the circle, 

(Fig. 50.) 

When P is at P" the middle point of EA', (Fig. 51.) the two 
■ parts of the circle divided by the Une, unite to produce a complete 
parabola. 




I When P is bf^twceii £ and 1°, tile reHexioii of tlio wliolc cinjlc 
B two complete hyjiei l>oUs as in Fig. ^2. 

In the first place, the semi-circle NAN' gives the portion of 
J^erbola ypy. The part g A' g' gives the iufiiiite branches gh, 
»', and the conjugate hyperbola mp m; and the former hyperbola 
mpleted by the reflexions at IVg, N'g', considered as convex 
Ts. The part kk' of the object has for its images the hyper- 
rfa mpm, and part of fpj', namely, Kpn't the infinite parts of 
■e line outside the circle are represented by /g, f g, and hyfy, 
' ; the remaining piirts kg, k' ^, have for images only yK, and 

46. In all that has preceded, we have confined our attention 
I sections of the mirror, object, and image ; but of course the 

ider will not find the smallest difficulty in inferring that the image 
F a plane object, made by a spherical mirror, is, according to cir- 

mstances, a portion of a sphere, a spheroid, a parabolic or hy- 
Krbolic conoid, or a plane. 

4f. By referring to the figures, it will readily be seen that when 
B mirror is concave, the image is, in most cases", inverted with 
tspect to the object: a convex mirror always gives an erect image. 

48. It will also be seen, that when the image is inverted, it is 
pat is called a real image : when erect, it is imaginary. 

49. Let the object j)rese»led lo a concave mirror be a portion 
of its own sphere, (Fig. 53.) 

Since rays proceeding from P, the extremity of the diameter, 
are reflected to p, making Ep two-thirds of EF, and that all points of 
(he object are equally distant from the centre, it will readily be seen 
that the image of the portion of sphere represented by PQ, is a 
corresponding portion of sphere, pq, having its radius one-third of 
that of the mirror. 

50. Suppose HOW the object be a portion of' anif other sphere. 



' When the object is between the mirror and the principal focus, the 
ohject is trect, otherwise not. 
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Let AEOPy (Fig. 54,) be the line joining the centres, whicl 
will consider as the axis of the mirror. PQ a part of the obj 
pq its image. 

Let 0P = 6; EOs^c; EQ=:2q', Eq^szq'; QEP, or pEq- 

EF=f. Ep^p. 

Then we know that q^c . cos 6 + sj b^ -^c^ sin 0*, 

and if to simplify the problem, we suppose PQ and to be 
small^ we may put for this 



Then - = - 4-- = - + — - 1 1 + ^i 



i = U ^ 



1> / * + c 

It is not easy to determine any thing about the form of the c 
from this, but we may deduce one rather remarkable conclusioi 

PQ 

The diameter of curvature of pq^ is equal to — ^ \i pr 

qr 

tangent at »• Now thjs is equal to — ^—^ > . 

p H^cQ — q 

Hence, calling the radius of curvature y>, we have 
1 ^ p sec d'-q ^ p — q' p '-^0^ 

o — o' 1 






+^.+ 



26(6 + c) 2/ 2(6 +c) 
"" 2ft ■*■ 2/' 
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P ^ J 

Now 6 is the radius of the object, andy*is that of the image of 
a straight line at the vertex; moreover the curvature of a line is 
aptly measured by the reciprocal of its radius of curvature. It 
appears then that the curvature of the image of a small portion of a 
sphere, is equal to that of the object, together with that of the conoidal 
image of a small plane object, at the same place*, 

51. With regard to the magnitude of the image produced by 
a spherical mirror^ it is easy to see that as it subtends the same 
angle at the centre of the mirror, that the object does^ if we suppose 
them to be plane^ an hypothesis which agrees very well with ordi- 
nary cases of experiment, the linear magnitudes, that is^ the lengths 
or breadths^ of the object and image, will be in direct proportion to 
their distances from the centre, so that,^if we put L, /, for the 
lengths of object and image, 9^, q^ for the distances EP, Ep ; 

/=!,>'. 

12 1 cr 

But yo = ^> and— 7 = - + -; •'. q^- ; 

^" g^ re ^ ^c + r 



l^L. 



% 
r ^ / 2c' 



=x-.(,.'-f). 



^^c-^-r V r 



r , 

or ify* = - 3 being the principal focal distance^ 

/=L.-47. = i-^ (1 +;.), 

52. It might be expected that we should treat of images pro- 
duced by reflexion at surfaces not spherical, but the subject is in 



J * We here suppose that the curvatures of the object and mirror are 
opposed to each other, that is, are of the same kind ; if the radii lie in the 
same direction, so that the one be convex, and the other concave, the curva- 
ture of the image will be less than in the case of a right line, the expression 

being then - = -..— - . 

F 



geiwra) too ditiicuU for an elementary Treatise like the pi 
As far as common practical results are coDcerned, we shall fir.d 
sufficient to substitute for surfaces of revolution, portions of epheri 
having the same curvature, and aa to others, plane sections wi 
generally give all (he information desired. 

Suppose, for instance, the mirror were cylindrical, and convev^ 
and the ohject a circle placed directly in front of it. It will easily 
, be seen tluit that diameter of the circle, which is parallel to the a 
of the cylinder, will not be altered in the reflexion, but that thft 
diameter perpendicular to that axis with all chords parallel to it, 
will have for their images portions of conic sections of less br^dlk 
than themselves, so that the image will appear diminished in bread^ 
and distorted into ii form like that of the bowl of a. spoon. 



CHAP. VII 

OF REFRACTION AT Pi.AHE SURFACES. 

53. We must here recall to the Student's recolleclion, 
details in the introduction about the manner or law of refraction, 
which is, that when light enters a transparent medium, its coui 
bent or broken in such a manner, that the sine of the angle of inci* 
deuce, bears to the sine of the angle of refraction, a certain ratio 
which is the same however the angle of incidence be varied. Th< 
full and correct statement of the case is, that when a ray of liglU 
passes from one medium into another, as from air into water or glas^ 
the refraction above described takes place at their common surfacf^ 

54. In cither of the instances just mentioned, the angle of n 
fi-aclion is less than that of incidence. If the passage of the light 
were from water or glass into air, the contrary would be the casflg 
and in genera] it is observed that when light passes from a rartf 
into a denser medium, the ray is brought nearer the perpendictlltf 
to the surface bounding them; when from a denser into araref} 
the converse. 
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55. There is a remarkable exceptioa or modification to this 
rule in the case of combustible substances^ (in which the diamond 
is included) which always refract much more than other substances 
of like densities^ that is^ in cases when the inclination of a ray to 
the perpendicular is diminished by the refraction, it becomes less 
for a combustible, than for an incombustible substance, but when 
the angle of refraction is greater than the angle of incidence^ it is 
less increased in passing into a combustible^ than into another 
substance of equal density. 

56. Between media of equal refracting powers there is no 
refraction, and in general the superiority of action of one medium 
over another is well expressed by the invariable ratio of the siites 
of iriciderice and refraction , when a ray passes from one into the 
other. 

57- We may here take occasion to observe that since when a ray 
of light passes out of a denser into a rarer medium, that is, out of one 
of a stronger into one of a weaker refracting power, the angle of 
refraction is greater than that of incidence, there is some angle of 
incidence for which the angle of refraction is a right angle (v. Fig. 3.5.) 
Past that point there can be no refraction, for though we migjit 
fancy an angle of incidence greater than a right angle, there is no 
angle whose sine is greater than the radius. 

For instance, when a ray of light passes out of glass into air, the 
ratio of the sines of the angle of incidence and refraction is about 

that of 2 to 3. Here then we have sin = g sin (f>', or sin 0' = 2 

sin <p, and since sin (p>^ cannot exceed 1, sin <j) cannot be greater 

than |> or (J) greater than 41 49 • 

The fact is, that when the angle of incidence in ftje denser 
medium exceeds the proper limit, the light is reflected instead of 
being refracted, as may easily be seen by holding a glass of water 
above one's eye, wheti it will be observed that any rays of light 
coming from below so as to make with the surface an angle of less 
than 41^ ^' which in this case is the complement of the limiting 
angle of incidence, are strongly reflected. 

This leads us to remark that as the limiting angle of incidence 
out of fresh water into air, is about 48^ 36', an eye placed in water, 



44 



Huch as that of e flat fish, looking upwards, ueed only turn as nudii 
as 48" Sfi' from the vertical, to see distinctly every object aboWi 
the surface of the water. Such vision must, however, be ralhec 
confuted aa to the relative poitition of objects near the surface, or 
far from the place where the eye la, as the rays by which they art* 
made visible must be crowded near tlie circumference of the conej 
the half angle of which is this limit of the angles of incidence, 



cone, ^ 
MR I 



58. Let QR, (Fig. 56.) represent a ray of light incident 
on ihe plane surface MN of a refracting medium B of a different 
power from A, that in which QR lies; RS the refracted ray, XRY 
the perpendicular. Let OP be a second surface parallel lo MN, 
ueparating B from another medium A, or another part of the same, 
as if B were glass, and A the air on both sides of it. 



of the ray on passing out of B into A ; 



Let ST be [he cours 
ZSV the perpendicular. 

Then since the difference of media at R and S is the same, and 
since the aiigles YRS, ZSR, which «e may call the angles of in- 
cidence, are equal, the angles of refraction QRX, and FST must 
likewise be equal, so that QR and ST must be parallel. 

59- We may here recall to the reader's attention a remark that 
was made at the end of the introductory observations, tiamely, that 
it is indifferent in which direction a light is moving along a ray 
or system of rays connected by reflexion or refraction. In fact, the 
subject is purely geometrical, and all that we have to consider is 
the angles made by certain lines with certain other lines according to 
certain laws. 

60. suppose now (Fig. 57.) that the ray passes from $ not 
immediately into the medium ji, but into another medium C, of a 
power ditTerent from either uf the former, and then into the medium 
A, the surfaces being all parallel as before. In this case also expe- 
riment shows that the first and last rays are parallel, so that the 
actions at S and !f produce, when combined, the same effect as the 
single refraction at S in the former instance, 

b\ . It appears then that < 
jilto anolher, immediately, or 



whether iy ray passes from one medii 
through any number of intermedi 



sdiuiS 

ediawfl 

J 
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Des, provided only the surfaces be parallel, the deviation on the 
rhole is exactly the same. 

Let QRSTVXY (Fig. 58.) be the course of a beam of light 
hrough the media A^ B, C^ D, E, A : QV'X'Y' that of another 
parallel to the former^ at firsts and therefore at la«t, passing only 
hrough the medium A, E, A* 

Then since the refractions at X and X^ are equal, the angles 
aade by FX, Y' X\ with the final or the original courses of the 
ays, that is^ the deviations, must be equal. 

. 62. There is another thing to be observed here, which is rather 
eniarkable. If the media By C, D, E, were separated from each 
»tfaer by sensible distances, that designated by A pervading all the 
Dtermediate spaces, so that the ray came clear out of each before 
t entered the next, and if the surfaces were all as befbre parallel^ 
i is evident that the last, like all the other emergent rays, would be 
larallel to the first incident. It appears then^ that it is indifferent 
.8 tathis phenomenon and its consequences^ whether the surfaces 
ouch or not, which is the more singular, as whatever be the nature 
f the action of substances on light, it certainly takes place only at 
isensible distances. 

63, Prop. Given the direction in which a ray Jails on a plane 
urface bounding a refracting medium ; to find the direction of the 
efracted ray. 

QK (Fig. 59.) represents a ray refracted at JJ into a direction 
\S, which is produced backwards so as to intersect AQ, 2i per- 
lendicular to the surface through Q, in 9. 

Let m represent the ratio, sin, inclination : sin refraction, some- 
imes called the index of refraction, or ratio of refraction, 

A ..ilQ, 

A' Aq, 

e Z RQA, 

ff z RqA. 

Then we have Ay = RA . cot 0^ = AQ . tan d . cot &, 

, . A' tan^ 

that IS, — - = ^ . 

A tan 0^ 
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I 

Now, if wq suppose that the incidence of the ray QR takeH 
place nearly perpendicular to the surface, the angles RQA, RqA 
may be considered so small^ that their sines and tangents are to all 
sense the same : we may .therefore substitute the ratio of the sines 
for that of the tangents^ and remembering that RQAj RqAzM 
equal to their alternate angles QRN^ qRN which are those of 
incidence and refraction, we find 

A' sine 

~ = -r-^ = m, or A =mA. 
A sni u 

It follows from this^ that a thin pencil of rays proceeding from 
a point at the distance A from the plane surface of a refracting 
medium^ appears after refraction to proceed from a point q€U th 
distance m A. In common glass^ this latter distance is about half 
as great again as the former. 

64. Now let us examine the amount of the error we commit 
in substituting the ratio of the sines for that of the tangents, or in 
other words, let us see what is the difference between the ultimate 
value of A' (jiq) and that which* it actually bears when the angle 
RQA though small, is taken into consideration : this difference, 
from its analogy with one of the ph'denomena of reflexion at curved 
surfaces, we will call the Aberration, 

Let us then take instead of il Q, A g, the tangents of the angles 
RQAj RqA to the radius RA^ RQy and Rq, which are to each 
other as the siues of the angles RqJ, RQq^ that is, as sin 6^, and 
sin 0. 

We have then Rq^m x RQ, that is, if AR=v, squaring both 
sides, 

^m'A^+Cm'-DA^tane* 

m^ — 1 



= /w^A^(l +^-^tan0*); 



2 , 
m — 1 



V 2m / 
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' It appears then that A' is in general greater than its nltimate 

a^ltlue by the quantity A • tan d^, supposing the angle 6 to 

small. 

65. Prop. Supposing that a ray passes through a refracting 
JflfcrAf^wwre bounded by two parallel plane surfaces; it is required 
id determine its direction after emergence. 

Let AR^ A*R' (Fig. 6oO represent the two surfaces; R'S the 

course of the ray after emergence, wliich^ produced backwards^ cuts 

iTHilQ in F. We must observe, that as the refraction at R is contrary 

■ 1 ri •/« • 1 1 ^^" inc^. 

-to that at it, if m the latter case -: -r- = nu jn the former we 

sui ref . 

r 

, sin inc®. / 1 

: must have — = -r . 

sm ref , m 

Then we have Aq^m ,AQ, AT= — , A a ; that is, if we call 

': m 

. AJlj the thickness of the substance, T, and AV^ A", 

f A" + r= -(r + AO = i(r+MA); 

^- mm 



and .-. A" = A-^^? — ^ T, 
i. m 

P' whence it appears that VQ = — AA\ 

\ m 

It appears from this^ that a pencil of ra^s passing nearly per- 

' pendicularly through a refracting medium bounded by parallel 

planes, suffers no alteration as to convergency or divergency, only 

that the point of concourse of the rays is brought nearer to the 

surface of the medium. 

Q6. If we take into consideration the aberrations, we shall find 
that the distance Aq being taken too small in the calculation we have 
just made, the point JB' is rather too high, (that is^ too far from A\) 
which has the effect of throwing F too far out from A\ that is, 
making AV too great; but again, on account of the aberration 
at R\ A'V is too small ; so that the two aberrations tend to correct 
each other. 




4S 

If lilt ray alter emergence iVoui the refracting aubslaiice, dilt 
Vi'e have just been considering, meet with another with surfaces parallel 
to those of the former, whose thickness is T, and for which ihc 
ratio of refraction is m, its direction will, after the second emer- 
gence, be of course parallel to the former, and its interseclton with 

AQ will be removed by an additional distance- — —, — T, so'llut 

the whole deviation will be J" + ;— T, and if there 

more refracting substances of the same description, their effecb 
would, in like mafiner, be all added together. 

67. Prop. To determine the re/raclioti which a ray expe- 
riences in passing through a medium bounded hy planes not paralUl, 
for example, a triangii/ar prism of glass. 

We will suppose the incidence to tak^place in a plane 
pendicular to the axis of the prism, in which case a transverse 
section nf the prism such as HIK, (Fig. 6I.) will contain all (he 
lines necessary for the figure. 

Let QR be the incident ray, refracted at R into the direclioa 
RS, and again at S into the direction ST. 

Let I = the angle of the prism HIK, 
(f> = angle of incidence QRjr, 
• (pi = angle of I* refraction ERS, 

x/^' = angle of 2** refraction jESH, 
'^ = angle of emergence TSy. 
Then sin tp = m sin <p'j sin "^ = m tan yj/. 

Now IRS + ISR + RIS = two right angles ; 

that is, — - ^' + 1// + I = TT ; .'. ^' + ■^' = ,. 

From these equations, knowing i and <p, we may find secceasivelv 
", 1//', and •^. 

TIlp deviation 11 q = VJiS + F.S'.R = <p - tp' + \i, ~ ^\ 



r 
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That is, calling the deviation 5, we have 

08. If the angle of the prism^ and the angles of incidence 
f— «nd emergence be exceedingly small, we may without great in- 
accuracy substitute for the sines of 0, 0', >^, yj/' the arcs them- 
selves which measure those angles. Then we have 



m 



<f> = m<p! ; .' 

m 

% 

^ = Wl« — I ^ (»l— l) I. 

69. From this equation we may find the value of w, if i be 
known, and ^ observed, for 



s 

m — I = -; 



-.5 5+1 

7« = 1 + - = 



70. The reader may observe^ that in the figure we have been 
using, the ray is, by the refraction, bent away from the angle / of 
die prism ; this is universally the case, as we may easily show. 

Let us take the three different cases. 

(1) When the angle IRQ is an obtuse angle, (Fig. 6i.) 

(2) When it is a right angle, (Fig. 62.) 

(3) When it is an acute angle, (Fig. 63.) 

hi the first case, IRS and ISR are both acute angles, and it is. 
clear, that the bending of R ST is from the perpendicular *5y, that 
is, from the angle /. 

In the second there is no inflexion at R, but ISK is an acute 
angle, and therefore the emergent ray is on the far side of the 
perpendicular from /, and of course declining from it. 

In the third case, the deviation is at first toward^ the angle, 
afterwards from it, and we must shdw^ that the second deviation 
exceeds the first. 

G 



so 



Supposing the ray lo proceed both ways out of the prism a[ if 
and S, the angle of incidence at R, SER, is less than that at S, 
namely, y SR, the latter being the exterior angle of the triangle 
SER, the former an interior and opposite angle. 

Now the greater the angle of incidence, the greater is that of 
deviation, for if 0, (p' be the angles of incidence and refraction, 
0—0' is the deviation. 

Then since sin = ni sin 0', 

cos ^0 = m cos (p'dtj) < 

H , sin 

^M = -—. — ~r, cos (b dot : 

^1 9in 

^^^^L tan 
^^^^h .-. d<p = d<p ^ ; 

d{^ — <p') _ tan — tan 0' 
d(f) tan 

which is a positive tjuantity, being greater than 0'. 

la the above case then, the deviation at 5 being greater than 
that at R, the inflection of the ray is, on the whole, ^Vom the aiigh 
of the prism. 

TX. In making experiments with a prism through which a beam 
of light is made to pa.ss in a plane perpendicular to its axis, it will 
be found, that if the prism be turned on its axis, the deviation of 
the emergent ray from the incident, will in some cases increase, in 
others diminish, so as lo have a minimnm valtic. Let us see to 
what case that value answers. 

Adoptidg the same notation as before, we have 

. 3 = + >/. — <; .-. dS= d^ +dyl>, 

sin = m sin 0': .■. cos 0(20 = m cos 0'.d0', 

sin ^Z* = nt sin ^/''; .'. cos y^ , rf^// = mcos yjf' .d^'., 
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Also 0' + >//' = « ; .-. dip' + d>/,' == 0. 
Eliminating therefore d(p' and d>/^', we find 

cos yf/ . cos <j) . d(j) + cos (p^ . cos >// . dyj/ = ; 

, , cos (b cos >lf' , 

cos cos y ^ 

I , COS <p COS yj 

Now this will clearly be equal to nothings when (f) and sff are 
equals as their cosines and those of 0' and yj/^ will also be equals 

, , ^ cos cos yl/ 

and therefore 7 . 77 = 1 . 

cos Y cos 

It appears then, that the deviation is a minimum, when the 
incident and emergent ray make equal angles mth the sides of the 
prism, 

72. Prop. A thin conical pencil of rays pass nearly perpen" 
dicularly through both sides of a very thin prism; required the 
focus of the emergent rays. 

Let Q, (Fig. 64.) be the focus of the incident rays, QO a per- 
pendicular to the surface. The focus of the rays in their passage 
through the prism will be x, a point in^ OQj such that 

Ox ^m X OQ, (Art. 63.) 

From X draw xy perpendicular to the second side of the prism, 
then, as x is the focus of rays incident on that surface at Sj their 
focus after the second refraction will be a point q, such that, 

yx = w X yq, 

73. To find experimentally the refracting power of atnf given 
substance, we may form a piece of it, if solid^ into a prism, and 
observe an object through it. See Fig. 65, wjiere P is the plac^ 
of the eye, Q the object observed. Let the angles at P, Q be 
measured; also the angle PAH or PAI, in order to have the 
angle of incidence at il. 

Let QPA = 9, PQB = »; ; the rest as before. 
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Then QPA = 0, 
BQP = fj, 



:^ + I? + i - (I). 

We have now to find >/^', 

sin <p=^m sin (« — >//')> 
sin >/^ = iw sin >//', 
sin "^ — sin _^ sin >/^^— sin (t — >^^ 
sin >|^ + sin <j> sin >|^' + sin (t — x/^O ' 

2 2 



tan 



= tan — ^ cot - , 

2 2* 



tan (yU' - ^^ = tan ^ . tan ^^ — ^ . cot ^^^ — ^: 



• • 



yl/ =: ^ + tan* 
^ 2 



■( 



tan - . tail ^ . cot 

2 2 



±±^\ 



Having found yj/ and yf/\ we haye only to divide sin \}/ by sin '^' 
to obtain ««, the index of the refracting power required*. 

This process furnishes an ^asy method of verifying the third 
laW; by calculating the values of m from different observations, 
^hanging the position of the eye or object^ and prism ; they will 
\>e found all to agree. 

74. In order to find the refracting power of a liquid sahstance, 
we have only to put some of it into a hollow prism of glass, having 
the surfaces of its sides ground very true and parallel. The re- 
fractions of the ray in passing through these witt not change the 
direction of the emergent ray, as far ^s regards the angles it makes 



* The experiment fails, when yJA and \j^' are equal to nothing, but in 

that case 

sin 
sin = w sin I : .*. M = . ^ . 

sin J. 
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iritli the incident ray^ and that inside the liquid prism, although the 
elative positions of the eye and object iivill not be the same^ as if 
fciere were no refraction but that of this latter prism. 

We may sometimes save the trouble of grinding a solid sub- 
(ance into a prismatic form^ by placing it in a fluid of the same 
efracting power as itself, which^ in Oact^ amounts to using instead of 
he substance^ another of the same refracting power, and appears 
o involve a petition of the point in question, namely, the refracting 
»ower of the substance; but it is not so in practice^ because by 
^lacing a bit of any transparent substance in a dense fluid nearly 
»£ the same colour, and diluting this with a rarer ftuid^ we shall 
toon see when ike fluid is reduced tm the same density as the solid^ 
> J there being no irregular refraction caused in light passing through 
lie liquid and the solid, which, in fact, will become in many cases 
|uite invisible in the liquid. It is evident^ that it is quite indifferent 
n making the optical experiment afterwards/ whether the light pass 
brough the bit of the solid substance or not» 

Canada balsam^ diluted with spirit, is a convenient liquid to 
ise for solid substances of small densities. 

For further particulars, I beg leave to refer the reader to 
Biot's PhysiquCy vol. III. Dioptrique, Chap. I, or to Dr. Brew- 
Siter's Treatise on new Philosophical Instruments. 



CHAP. VIII. 

REFKACTI-ON AT SPHERICAL SURFACESr, 

75. Prop. jL ray of light is refracted at a spherical sur^ 
facey bounding two different media ; given the point where it meets 
the axis; required the point where the refracted ray meets the axis. 

Figs. 66, 67, 68, 69^ represent four different cases. 

(1) A denser refracting medium with a concave surface^ 
Fig. 66. 

(2) A denser medium with a convex surface, Fig, 67 r 
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(:)) A rarer mcHiuin with a concave surface^ Fig. 68. 
(4) A rarer mediuiu with a convex surface. Fig. 69. 

Ill all these figures Qlt is the incident ray meeting the axis A£ 
in C2; RS the refracted ray meeting AE in q. E is the ceutre 
of the surface. 

Let r = EA or Elt, 

0= iREAy 

(j>= A ERQ or GRQ, the angle of incidence, 

<!>'=/, ERq or GRq, the angle of refraction^ 
A = .1Q, ^ 

^'^Aq. 

sin _^ 8in.0 sin Q£ Rq 
Then m = -: — —7 — — : — ~ • -: — -7 = jr^ . ^^r— • 
sin q> sin & sm <p QK £f 

• 

76'* It is not possible to obtain a general, simple, algebraical 
expression from this, but if merely the ultimate value of ii j be 
required, that is, the limit of its value when .the angle RQA. is 
diminished sine limite, we may put ^Q' for HQ, Aq for Rq*\ 
we have then 

_ QE Aq 
'''"AQ'Hq' 






that is, (Case 1, 3.) m = 



A ' A'-r' 



* There is one case in which Aq has but one value, all the rays being 
refnurted accurately so as to meet in a single point ; it is when 

AQ=^ (m + 1) y4£ or EQ=m . EA, (Fig. 66.) 

Q.R_Rq 

•■■ 'E2 ~ 7e ■ 

RE EA* 

The triangles QRE, RqE dire therefore similar, and Eq^ER . ^^ =: -=77 » 

and is consequently Ihc same for all points R, 
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.-. fiiA(A'-r) = A'(A-i); 



A' = 



ml^r 



iw— 1 A + r 



1 w - 1 . 
, or — = h 



A' 



mr 



mA 



(Case 1, 4.) ffi = 



A + r A' 



A' = 



A 'A' + r' 

.-. fiiA(A'+r)=A'(A + r); 

iwAr 1 >?i— 1 , 1 

^ , ^ or — = h — - . 

— m— lA+r ^ wir wiA 



I 77- There is another expression sometimes nsed, in which the 
i A'stances are measured from the centre, (Fig. 70.) 

Let£Q = g, Eq^q\ 



m 



9 = 



_ QE ^q _^ q r-^q 
'^AQ'E^" r'-q'~lf"' 

.•. q (r-q) = mq (r-q); 

gr 1 wi— J . m 

, or - = + - . 

mr — OT— \q 9 ^ q 



78. It will be observed^ that we have taken in to rc|)n:H(rnt 
Ae ratio of 'the sines of incidence and refraction in all caNCH, 
whetber the passage of the light be into a denser or a rarer medintn ; 
if we chuse that m should always represent the ratio of the sincH 
of incidence and refraction out of the rarer into the denser, we 

oiust^ in Cases 3 and 4^ put — for m. 

171 

_, A + r A' 1/1 _ //I — I. w 
Then — - — . . ,_ = — , and --7=4. - H . 

A A+r m A r Z\ 
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We may now tabulate our results as follows : 



Case. 



1, 



2. 



3. 



4. 



Refracting 
Medium. 



Denser, 



Denser, 



Rarer, 



Rarer, 



Surface. 



Concave, 



Convex, 



Concave, 



Convex, 



Eqaation. 



1 

A' 


= 


Wl — 1 1 

mr m A 


1 

A' 


=: 


m - 1 , 1 
mr 971 A 


1 




m — 1 m 


A' 




r A 


1 


• 


wi— 1 m 


A' 


"~ 


r +A- 



79* T^^^ distance Aq being independent of the angle RQA^ 

provided that angle be extremely small, we may consider q as the 

focus in which the refracted rays meet when several incident ra)S 

proceed from Q in an extremely small pencil nearly coincident 

with the axis. 

80. In order to find the principal focal distance f which we call 
y, as in Chap. II, we have of course only to make A infinite in the 
equations just given ; we have then in 



1 m-\ m 

Case 1, '7. = , or/ = 

J mr "^ 171— 1 



1 m— 1 

^' J = ""— T.' ^'*/ = " 

■•''/=- 

1 

4 - = 



m 



mr 
m— I 

r 
m — I 



, or/ = - 
, or/ = 



m— 1 
1 

#71—1 

I 
771 — i 



r. 



r. 



\r. 



r. 



We might of course easily have found this directly; thus, let QR, 
(Figs. 71 — 74.) be an incident ray parallel to the axis jlE, RS 
the refracted ray ctitting the axis in F the principal /ocus. 
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^ RF _ an REF _ gin ERQ _ I 

'**" liF - 5iD £llf ~ sin ERF ~ "' °'m' 

tnd putting AF for 12/* as before, 

AF-M. EF, or — . EF, 

m 

whence AF= ± AE, or + AE, as above. 

iw— 1 m— 1 

It is important to observe, that in all eases, the distance (AF) 
}/ the principal focus foom the surface is to its distance (EF)from 
^he centre as the sine of incidence to the sine of refraction, 

81. If we introduce the distancey* into the formulae, we shall 
lave in 

^ ,11^ 
Cases 1 and 2, — ; = - + , 

A / »iA 

1 1 m 
3 and 4^ = - + —. 

A y A 

82. A spherical refracting surface may, in fact, be said to have 
two principal foci, one for rays proceeding, parallel to the axis, 
From the rarer into the denser medium, the other for parallel rays 
proceeding in the contrary direction. They are on opposite sides 
of the surface, and at different distances from it, as may easily be 
seen from the formulae, for in Cases I and 4, f is positive, that is, 
t lies on the side whence the light proceeds ; in Cases 9, and 3, 
f is negative. 

In Figs. 75 and 76, F and f are the two principal foci above 
described, F for parallel rays entering the dens^ medium, f for 
those proceeding out of it~ into the rarer one. 

83. We will now proceed to examine the varieties of position 
ihat Q and q, the conjugate foci, are capable of. 

Case 1. In the first place, when Q is at an infinite distance, ^ 
he place of q is F, (Fig. 71.) 

When Q is at £, q is likewise at E. 

In all intermediate cases, that is, when Q is beyond E, q lies 
between E and F, (Fig. 66.) 

H 
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When Q is between A and E, q is between Q and £• This 
may eatilj be seen from Ae geometrical coDstruction, (Fig. 77*) or 
it may be shown from the formula: for 

i ^ ^ f 1\ ^ wi- 1 _ m- 1 ^\^ ^ Ix 
A~A^"" V "iw/A mr wT" vA r/ '• 

which shows that A is greater or less than A' according as it is 
greater or less than r. 

When Q comes to il, ^ coincides with it. 

By differentiating the equation — = + , we find 

A ffiT III A 

dA' 1 A'* mr* 



rfA m ' A* („,- lA+r)*' 

which shows that the distance Qq is at a maximum in the space 
between A and JE when wi r* = (wi — I A + r)*, or 

t/m- 1 

A = r* 

• iw — 1 

dA' 
for when A — A is at a maximum dA — dA^ = 0; and .'• -r — =:1. 

dA 

If we place Q on the other side of A, (Fig. 78.) or make A 
negative, we shall have 

J — ^^ ' ^ 

A' mr mA' 

T 

whence we collect that as long as A < , A' is n^ative and 

m — \ 

r 
increasing : that when A = — •■ — ^ or Q is at /", A' is infinite, and 

wi— 1 

that afterwards it becomes positive, or that q goes to the other side 
of ^. 

Ob$. It will probably have occurred to the reader, that by 
pishing Q within the denser medium^ we have virtually passed ^rom 
the first case to the fourth, with the only difference that the places 
of Q and q are inverted. I have, however, purposely placed Q in all 
possible positions, in order to illustrate the connexion between the 



CMses, aod to show that the conjugate foci are convertible, at in 
xeflexion^ and that what are incident rays in one point of view, maj 
ibe considered in another as refracted, and vice vers&» 

^4. It will foe observed that in this, and in all other cases of 
refraction, the conjugate foci move in the same direction, ^vhe^eas 
in reflexion they always come towards, or recede from each other. 

The following are corresponding values of A and A^, 

A = CX5 , r, 0, , » 

m— 1 

, mr mr 

A = 7 ^ r^ O, 00 , 



m — 1 

Case 2. Here we have — 7 = — + ; whence it 

A mr m A 

r 

appears that as long as A > , or Q beyond /^ (Fig, 76.) a' 

m — 1 

is negative, or q on the contrary side of A from Q. 

f 

When A = , or Q is at /*, A ' is infinite. 

w— 1 ^ 

r , 

When A < , or Q is between A and /*, A ' is positive ; so 

wi— 1 

that Q and q are on the same side of J. : q is at first infinitely 
distant^ and its change of place must be very much quicker than 
that of Q, for while this moves from y* to A, q comes from an 
infinite distance to the ^ame point. 

When A is negative^ or Q within the denser medium. Fig. 79- 

_J m— 1 1 

. a' mr m A ' 

A ' is then necessarily negative, as we might expect, the two foci' 
moving together from A in the same direction. 

J. 9 is at first greater than AQ, but the two points coincide in E, 
and afterwards Q gets beyond 9, and, in fact, it moves from E to an 
infinite distance while q goes from E to jF. 
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The following therefore are corresponding values, 

r 

A = 00 , , 0, - r, GO 

m — 1 

^, mr mr 

A = -, 00, 0, — r. 



t J ' ' ' m 

m — ,1 m— 1 » 

Cases 3 and 4 have, in fact, been discussed iu the two others, 
we will therefore only exhibit the principal corresponding values of 
A and A". 

Case 3. A = oo , , r, 0, oo 

m — 1 

A = : , - 00 , r, 0, — 



^ A *^'' 

Case 4. A = « , 0, — r, — , oo , 

m — 1 



A'= 7. 0, - r. 



00 



m — 1 
Upon the whole we may collect the following results. 

In Case 1, divergency is given to incident rays, except when 
they proceed from a point between the centred and the surface. 

In Case 2, couvergency is given. 

In Ca%e 3, convergency, except when the focus of incident 
rays is between the centre and surface. 

In Case 4, divergency in all cases. 

Of course we except the case of rays proceeding from, or to the 
centre of a surface, which are not refracted at all. 

85. We now pass on to a more useful part of this subject, 
which treats of Lenses, that is, of refracting media terminated by two 
spherical surfaces, or by a plane and spherical surface. 

There are several kinds of these: 

1. The double convex^ of which Fig. 80. represents a 
section through the axis. 
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2. The p/awo-cowrcx> Fig. 81, which may be considered 
as a variety of this^ the radius of one of the spheres becoming 
infinite. 

3. The double-concave f Fig. 82. 
4.^ The plano-concave^ Fig. 83. 

5. The meniscus. Fig. 84^ bounded by a concave and a 
•convex surface which meet. 

6. The concavo-convex. Fig. 85, in which the surfaces do 
not meet. 

So. Prop. To find the direction of a ray after refraction 
hrough a lens. 

The method we shall follow here is to consider a ray refracted 
t the first surface^ as incident on the second, and there agaih 
efracted ; we shall have occasion to add to the letters hiherto used 

a'- for the distance of the focus after the second refraction^ 

f . . . . the thickness of the lens; 

r . . . • the radius of the second surface. 

rhen taking, for instance, the concavo-convex lens in which both the 
entres are op the same side, (Fig. 86.) 

I — = 1 • for the first refraction, 

A 772 A mr 

1 m m— 1 - , , 

^ , for the second, 



£^'+t A' + if r 

being added to A' and A^^ as the distances are now to be mea- 
ured from the second surface. However, in order to simplify the 
xpressions, it is usual to suppose the thickness of the lens incon- 
iderable in comparison of A' and A^^, in which case we may write 

1 m m— 1 

A T 

\ m— \ w— 1 

= — H 7— 

A r r 

/I 1\ L ^ 

= ^-l(;--,)+-. 



t 

87« Now ill the first place it will be immediately seen that 
this expression gives the principal focal distance^ which we will call 
Ff by leaving out the last term, which is equivalent to making 

— = 0. or A infinite : we have thus 
A 



r r r 



and then^ 



JL - 1 1 

A" ~ f ■*" A ' 



It appears from the former of these that F is positive or negative 

according as -■ — '^^ is so : let us examine what sign this is affected 

r r 

with in different cases. 

In the concavo-convex lens placed as in Fig. 86^ r<,r and F'n 
positive. 

When this lense is turned the contrary way, r'>r\ but they arc 
both negative, we have then 

and JFis positive as before. 

In the meniscuSj either r > r^ both being positive^ and then 

or r < /, and both are negative : so that 

< ■ I ■■ .1 ■ ,■■■■■, I — 

* It is often found convenient to put some symbol such as- for - — -,, 

p r r 

which gives «=-, = , or F= ■ ■ , . When the radii are equal in a 

TO 7W— 1 * 

f 

double concav« or convex lens /> = ^ . 
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In the double-concave lens ;•' is negative^ 

i=(™-.,{Ui}. 

In the double-convex r is negative^ 

In the plano-concave either r is infinite, or r is infinite, and / 
legative; therefore putting r for the single radius 

1 m — 1 _ r 



F r w — 1 

In the plane-convex, 

I m— 1 



F= -- 



F r m— 1 

When in the double-concave, or double-convex lens the radii are 
gual, 

12 *• 

— = + (m- 1). -, or F= ± 



J' - ^ r ' "" 2(m- 1) 

88. It appears from all this, that the place of the principal 
>cu8 is the same^ whichever side of a lens is turned towards the 
icident light, and that 

The concavo-convex f 

the double-concave ^ make parallel rays diverge, 

and the plano-concave 

The meniscus 

the double-convex ^ make parallel rays converge. 

and the plano-convex 



3 
^ * If m = - which is nearly the case in glass, !'= + '*> ^^ ^^^ principal 

>cfl/ length is equal to the radius of sphericity. 

t- See Fig. 87, for the relation between these different kinds' of lens, 
^hosc placed together are equivalent. 
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89> Tlie equation 



AF 



» ^ ^ ^ A"- ^' 

A FA A + jF 

when put into geometrical language^ /^ives rise to the foUowii 
proportion, (Fig. 88.) 

Aq : JQ :: AF : AQ + AF, 

or if -4/= AF, that is, if / he the principal focus of rays inci 
on the contrary side of the lens to Q, 

Aq : JQ :: Af : fQ, 

which it is more convenient to state thus 

Qf : fA :: QA : Aq. 

From this we derive another useful proportion, 

Of: QA :: QA : Qq. 

From either the equations or the proportions it will be easy toj 

prove that when the distance of Q from the lens is varied, thatisj 

when the place of Q is changed, the lens remaining fixed, the tm\ 

foci move in the same direction. 

The following are corresponding values of A and A'', for a 
concave lens : 

F F 
00. . 2F, .F.. - . ..0. . . . .• — F. . -2F. . —SF. .-^ 

9, F F 3 

3 2 3 2 

The following are for a convex one 

9 ^F xF\ F ^ F- 



GO 



'^^'^'^^'.-'G)'«'-. '(-«)' -^'-^^'-- 



r 



F 



-F,-.F,.,9F,F,(^)o,--,(-—),--,--F,.F. 

90. The distance Qq between the foci is represented , by 
A — A", or A + a'', according as the lens is concave or convex, 
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but as the eqiMtion gives A" negative in the latter casc^ we may 
take A — A" as its general value. 



Now 



A-A''=A- 



Af 

A + F 



A' 



QA\ 



= aTp' (*«*•'' ^*=qf) 



This quantity evidently admits of a minimum value. To find 
this, wre will equate to the differential of its logarithm^ which 
gives 

' The negative sign shows that the incident rays are convergent 
towards a point beyond the lens. 

91* To return to the original question: if it be not thought 
proper to neglect t, the thickness of the lens, we may make the 
calculation rather simpler by measuring A^^ from the second sur- 
face. 



Then, 



A" 



m— 1 m 

—7- + 



A' + ^ 



r }mr-\-(m-\) A ) 



— I 



m— 1 wir + (»i— I)A / 

— 'jl + 



+ 



A r 



m A 






- I 



The binomial in the second term may be «'Xpand«*d, an/l m« 
many terms taken as thought proper. ^ 

If we consider only parallel incident ray»i ihv cqiritiori brroiris* 
of course much simpler; 



. f 



1 m— 1 . f mr \ 

F r i/w — I ^ 



f « — I w - I f , w - I » 

;— H • *•+ 'A 

r r ' m 9 ^ 



///— I / 



I 
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In apy particular case it is easy to put the proper values of 
m, t, r, aud r in the equations, and determine accuratelj the vahie 
of i\ " or F, but no simple general expression can be obtained for 
them. 

98* The sphere may be considered as a sort of lens. In fact, 
it is a particular species of double convex^ in which the thickness 
is twice the radius. 

In investigating its focal lengthy it will be most convenient to 
refer the distances to the centre, as in Art. 77* 

In Fig. 89, if JBQ = y, %=?', ET^q\ ER^r, we have 

1 _ m*^ 1 m 
9^ r q' 

EA and EQ being in the same direction^ 

1 

\ m I ^ /n • \ 

"7, = H > (Here r is negative.) 

g r mq 

^ m— 1 HI— 1,1 
mr tnr q 

mr q 

The principal focal lencrth is of course — , the nega- ' 

2(m-l)' ^ 

tive sign meaning that the focus is on the opposite side from that 
whence the light proceeds. 

3 3 

If the sphere be of glass, and placed in air, »• = - , and JPsr-f^ 

4 

if of water, m=:- , and J'=2r. 

3 

93. There is one case in which a ray will pass through a lens 
without deviation, that is, the emergent ray will be parallel to the 
incident 1 it is when the surfaces at which it enters and emerges, 
are parallel. 



TUi is shewn in Figs. gO, 91« 98^ 93, where QRST '» the 

ef the light, and it will eesily be seen that the spherical 

^inr&ces at R, S, can be parallel only when the rafi ER, PS, are 

10. ' 

Hie point Oj where the refracted ray RS cuts the asM, m called 
Ij some writers^ tfa^ centre of the leas; it u within the lens in tkn 
cases of double-concave and double-convex lenses, but without^ in 
Ae meniacus and concavo-convex. 

Tie point O ia invariably the same at whatever angle the paralUI 
ndii be drawa^ for 

PR. r 

The p<nnt m where the incident ray cots the axis is eaaii^ 
found : we have only to put the value of jIO for ^ ' in the eqnati/Hi, 
for the single refracting surface, and find A. 

r + r r-^r 

_. 1 in — 1 J w— 1 rT/' 

Then -r = + + : = + 



A mr mS mr mrt 

(m-Dt-^r^r 



=s + 



A = -zr^ 



mrt 
mrt 



If the thickness of the lens be supposed tnconuderahU, QHST 
may be taken as a straight line, and A, O, as one point. 

It appears from this, that when a pencil of rayi» eiit^;r^ a thin 
lens obliquely, that ray which passes throu<;h tlj« centra; jb not re* 
fraeied at idl : it serves as an axi$ to the pencil, and tlie focns of 
refracted rays lies on it at the same distance from the cetitre of the 
lens as when the axis of the pencil coincides with that of the lens, 
though the refraction is not quite accurate. 

94. To return to the simple approximate formula of tlie lens. 

Let represent the distance hitherto called ^\ 

Mtt. 1 ' ■ 1 m— 1,1 /■!■.# ^^ 

Then, -- = 77-1- t* ^"^ = + ^ » '^"*- Tioiv., p. 62,) 
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Now, suppose a second lens be placed close to the first, 

^/ I 

(Fig. 94.) having for its principal focal length P, or — ; — . ' 

P 

In order to find if>\ the distance of the focus after the second 
refraction^ we must consider <p and 0^ as representing A and A'' 
in the formula^ so that 

0'""-F'"*"0' ""' "" p' ^ <!>' 

1 1 11 wi— I m'— 1 1 

([> F F /\ p p A 

And in like manner^ if there be any number n of lenses acting 
together^ we shall have 

m-1 , m'-l , m^**^-l , 1 

p p p^ * A 

so that their joint effect is the same as that of a single lens^ havings 
for its principal focal length unity divided by 



J, + jp/ + ^/ + + j^(, 



m-l m'— 1 , w''-l , w^"^— 1 

P P P P^^ 

1 
95. Mr. Herschel^calls the reciprocal quantity —the power of 

a lens^ and enounces the last result thus : 



'^ The power f^f any system of lenses is the sum of the powers of 
the component lenses." 

Of course^ regard must be had to the signs : the power of a 
coTicat^e-lens must be considered as positive, that of a convex one, 
negative. 

96. The same method by which we found the focal length of 
a lens may be easily applied to any number of surfaces, having a 
common axis. 
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Let Ty r\ /'• • • .be the successive radii^ each having its own 
Hoper sign as vrell as magnitude. 

niy m\ m^ ••• .the indices of refraction at the several surfaces. 

A the original focal distance. 

A^ ^"f A \ • . .those after one, two, three, refractions. 



Then, if only we neglect the distances between tlio siirfacc^s 
long the axisj we shall have 



rf* 


1 _ tn-\ 1 * 

a' mr ' toA ' 


• 






1 m'- 1 1 
A"~ i»V ' m'A'~ 


m' — 1 ^ w — 1 


mm' A ' 




1 m"- 11 








A'" ' m"r" ' to"A" 






i»"-l m'-i 
m r mm r 


m- 1 1 
97im 971 r mmw A 


id so 


on. 


^ 





When the surfaces are those of lenses, m' = — • , m = „ , 

//I m 

id the equations are reducible to those we have already hmhu 
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CHAP. IX. 

ABERRATION IN RETRACTION AT SPHERICAL SURFACES. 

97- The question here is precisely similar to tKose ire have 
met before, namely, to determine the differfnce between the ukh 
mate value of the focal distance for refracted ra^^s, and the value it 
has for a ray inclined at a sensible though smaQ angle to die axis. 

To begin with a single surface. Let v, (Fig. 95.) be the inter- 
section of the refracted ray and theaiis, every thing else as before* 

Let Av^ a\ 

Referring to the beginning of last Chapter^ we find that in 
strictness 

QE Rp 
m = -pr^ . -=j- , or QE . Rv = m . RQ . Ev. 

Now QR* = £Q» + £RH2EQ.EB cos AER 

= ( A -r)*4-r* + 2(A --r)r .cos d 
« A*— SAr + ^r^-fSAr cosO-fir'cos* 
= A^— 2r(A — r) versin 9. 
Similarly^ Rv^ = A^^ — 2r(A^ — r) versin B, 
Then putting v for versin 0, 

(A —r) ^/ A'*-2r (A'-r)© 

« 

= wi (A'-r) A^ A* — 2r (A -r)r. •(!). 

Then proceeding as in Chap, iii, we have 

, , /dA\ 

Tb obtain the value of --— , we must differentiate the equation (1), 
which gives 
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(A* — rv) dA^ — r (A^ — r)dv 

( A — r) . . I 

^A'*-2r(A'-f)v 

/— ^ r ( A — r) dr 

^ ^ V^ — 2^(A-f)u 

len making v = Oj A^ = A^, 

^ I A'dA'-r (A'-r)dt? 
(A- r) . ^^7- 

(A - r) dv 



that 



mAdA* — f» (A' — r)r . , 

, r(A'— r) 



is, (A - r) U A^ - !L^^^^ d J 



= mAaA — ar, 

A 

or { (m - 1) A + r} dA' = (- ,^ r . (A - r) (A' ~ r) dv ; 

(dA\ __ r . (A -- r) (A' - r) ywi ^ 2^\ 
dv / " m - 1 A + r ^A A'^ 

= (A - rr . ( - - -,1 , for A - r = ^ , . 

VA a-' wi-lA + r 

The aberration is therefore (A' — r)' 1^ : I i;. 

\A A'/ 

Yhen the incident rays are parallel, or — =0^ this reduces to 

A , 

^r-^> that IS, - — p — V, 

9B. In general, the aberration is positive or negative^ that is^ 

ir is greater or less than th^ ultimate value, according as — ^ 

s positive or negative. 
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V in^ A mr 



« 



m — 1 m— 1 



m A mr 

m— \ /m + I 



m 



(T-;)- 



This is positive, if A be less than (m -f* ^9 and negative ^hen 
A is above that value; when A =(m + 1) r, there is no aber- 
ration. See p. 54. Nb^c. 

When r is negative, or the surface convex, the aberration is 
always positive. 

99* ^^ ^iii f^ow pass OH to the aberration in a lens, (Fig. 96.) 

We may consider this as consisting of two parts: 

1. The variation in the second focal distance arising from 
the aberration in the first (a). 

2. The additional aberration in the refraction at the second 
surface (/3). 

As to the first, we may consider the ratio of the variations as 
the same with that of the differentials of A^ and A^'. 

Then since the first aberration is ( a' — r)* ( — -, I .r, 

For the second part we must alter our formula by putting 

- for m^ V for v, A ' for A . A" for A ' r for r. 
m . 
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m 

The whole aberration is therefore 

^^^_,,(|-l,),+(^»_,,.(_L,-J,).„,. 

The angles ilJEB, Aer being very nearly the same^ we may, 
without much error^ establish that for a particular value of A the 
iberration varies as v the versed sine of ilEJB^ that is, as the 
quare of* ARj the radius of the aperture. 

Let us examine what kinds of value the aberration in a lens 
ssunies in different cases. * 

1. For the meniscus or concavo-convex lens we have, 
(r, r, being both positive.) \ 

The aberration 

.)={».^,(A'-„.(^l)+(A"-<;;^,-^,)}.. 

3 ' ' , 5 - 
Now suppose m=-, r=l, r = -, A^=oo, and therefore 

A' = 3r = 3, A" = 5. 

I 2 3* • 3 3' V3 3 5^) 

430 

= V, 

81 

And if V be the versed sine of 2® or .0006, 4 — — .003, nearly. 

I 

Note that the aberration is of a contrary sign to the focal dist- 
ance, and therefore diminishes it. 

S. For the double-concave lens / is negative. 

'={""4'-<^'-'>'-G-5)+<^"+''>'(st-i--)}'- 
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And if 

3 
m = - , r = r' = 5, A=oo,» = .0006, 

A'=15, A" = r = 5, 

f 3 5' 100 / 2 1\> 



f 10 3401 

\9 ^ Qy 



_ 350 

= -.023 
In this case also the aberration diminishes the focal length. 
3. For the double-convex lens r is negative^ 

And if 

m = -, r=:r =5, A= 8 , t; = .0006, 
2 

A'= -15; A''= -.r= -5, 

(3 5* 100 / 2 1\\ 

I2 15* 15 V 3.15 5/> 





^ 


5* 


100 




li- 


ly 


'• 15 


=^ 


{V" 


+ 


140) 
ft) 

9 y 


= 


150 

9 


u 





= .01. 



Here the focal distance is negative^ and the aberration positive, 
so that they are still contrary. Observe that the aberration is more 
than twice as great in the concave lens than in the convex with equal 
radii. 
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100. S<mie writers treat of anodier abenation arising from that 
vhich we have been inTestigatiDg : it is the dbtance qx^ (Fig. 97*) 
iq being the uhiniate focai distance and qz perpendicular to Aq. 

This distance ^z is called die lateral aberration^ f v die &Migt- 
udinat, 

aS AR 

av naV 

Since qv varies as the square of il R^ }t appears that qz varies 
as its cube. 

101. It is important, particularly when a lens is used as a 
burning-glass to determine whereabouts all the refracted rays are 
collected within the least space, that is, technically speakings to 
fiod the least circle of aberration or diffusion. 

Let STy (Fig* 98.) be the extreme .refracted ray on one side : 
fc a ray on the other side intersecting with this in n^ nm perpen- 
iicuhu* to the axis. Now it is plain that at the maximum state of 
an, if it has one, all the refracted rays on the same side with sv will 
)a8s through it, and passing from the section to the actual lens^ the 
ircle having mn for its radius will just contain all the rays, so that 
t will be the circle we seek. 

In prder to find mn we must know the extrenie aberration 
Ti let this be called a. 

Let AK = K which must be measured, 
Ar ^ k (unknown, or variable,) 
Tm = X, 
AT^T, Av^ t. 

Since the aberration (longitudinal) varies as the square of the 
adius of the aperture, < 

9t? = a-^; ..vT^a. — -^ (1), 

n. AR K 

sn = Iw .-j=^ == a*. =•; /. mnocxj and they are at a maxi-* 

num together. 
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vA K t K t K 

vm^mn , -r— = x .-=. .— =:---. — . j:= — .x. nearly. 

Ar T k k T k 

{AT and jit are very nearly in a ratio of equality); 

.*. vT ^ vm + mT =^ -r X + X ^ — ; — x (2)i 

k k 

Comparing this with the former value of rT^ we find 

K + k _ iC^ - e 

.\ X = ka. = ^•^(^-*). V 

Hence jt is at a maximum when A: = i iC; then r = - , 

4 

_ K AR qT 

wn-x.y ^— . — . 

Since mT ^ ^qTy mn = \qz\ therefore the diameter of tlte 
least circle of aberration is equal to half the lateral aberration of 
the extreme ray. 

Its distance from the focus q is three-fourths of the extreme 
aberration. 

"Note, What has been proved here for a lens is equally appli- 
cable to the cases of reflexion, and refraction at a single surface, 
as in both of thesCj^ the aberration of a ray inclined to the axis 
varies as the square of the distance of the point of reflexion or 
refraction from the axis. 



CHAP. X. 

REFRACTION AT CURVED SURFACES NOT SPHERICAL. 

102. In like manner as in Chap. IV. we found that though 
a spherical surface is not capable of reflecting light accurately, 
those belonging to the Conic Sections have that property, so here 
we shall find that by means of a spheroidal or consiidat surface, 
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^ayd n^ay be refracted so as to meet accurately in one point without 
any aberration. 

This will easily be seen from simple Geometrical considerations. 

Let JM (Fig. 99.) be the axis major of an ellipse ARM; 
Sj H the foci, nRN a normal^ QR parallel to AM, 

Then since the angles HRN, SRN are equal, ' ^ 

sin QR n _ sin RNH _ sin RNS + sin RNH 
sin NRS ~ sin MRS '"sin NRS + sin NRH 

_ RS+RH 

~ NS + 'NH 

_ AM 
~ SH' 

From this it appears that if a transparent spheroid have the ratio 
of its axis major to its eccentricity equal to its . refracting power , 
rays entering it in a direction parallel to the axis major will be 
refracted accurately to the farther focus. Moreover if the surface 
of the spheroid be cut by a spherical surface^ having that focus for 
its centre, a lens will be formed which will refract parallel rays ac- ^ 
curately to the focus, as there will be no refraction in their passage 
through the spherical surface. 

For the same reason, rays diverging from the focus of this lens 
will be refracted so as to become parallel to the axis. 

103. Again, let AM^ (Fig. 100.) be the axis major of a pair 
of hyperbolas, QR a line parallel to it, S, H the foci, BAT a normal, 

sin QRN _ sin RNS _ sin RNS - sin RNH 
sin nRS ^ sin NRS " sin NRS - sin NRH 

• 

RS — RH 

'^ SN- NH 

AM 



SH 



as before. 



Hence, it appears that a plano-iconvex lens having its convex 
surface hyperboloidal, will refract parallel rays accurately to a poi»t 
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which is the focus of the opposite byperboloid, and conversely, that 
rays diverging from a point may be refracted by such a lens ao as to 
. become parallel. 

104. Sir I. Newton has given in the 14th section of the first 
volume of his Principia, two curious propositions relating to the 
present subject^ which are inserted bere^ to save the trouble of 
referring to the book itself. 

The first is : 

To find the form of the surface of a medium, which will refract 
rays diverging from a point without it accurately to a point within 
itself. 

Let A (Fig. 101.) be the focus of the incident rays ; B that of 
the refracted ; CD the section of the surface ; AD, DB an incident 
and refracted ray, DE an infinitely small portion of the curve; 
EF, EG perpendiculars on AD, DB. 

DF 
Now -jy=, = COS EDF = sin incid. 

DG 

=— ^ = cos EDG = sin refr. 

DE 

therefore if m be as usual the refracting power, DF^m . DG\ but 
DF, DG are the corresponding increments of AX), BD, so that if 
we call these w, v, we have this differential equation to the curve, 

du=^ -^ m.dvy or du + mdv = 0. 

When B is removed to an infinite distance, the equation becomes 
du = mdx, if x=^AN, DN being perpendicular to uiC ; now we 
shall see that this equation belongs to an hyperbola, or an ellipse, 
according as m is greater or less than' unity, 

du = mdx gives, by integration^ u = mx +n, 
that is, squaring x^ '\- y^ =:(mx + nf ; 
.'. y^=i{m^^ 1) x' + Qmnx+n*. 

Now the equation to an hyperbola, when the abscissa is measured 
|rom the farther focus, is 
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which agrees with that above, if 

m = e, 

_ IW — 1 

9 2 

— s = (e^ — 1) a^, or a^ = --r rx , as before. 

If m be less than unity, the integrated equation becomes 

y* = n* + 2 W2 WT ~ ( 1 — w^) r*, 
which agrees with the equation to the ellipse, 

y = (l-e^) {«^~(x-fle)M, 
ory = (l-e*) {(l-e^)a^ + 2ae:r-x*}. 

The general equation integrated gives 

that is, if ilJB = c, v ^"^ + ^^ + ^* v(c "" ^)^ +y* = w* 

The curve to which this belongs is a certain oval, which Descartes 
has described. 

105. Newton's second proposition is: 

To Jifid the form of a convex lens^ that shall refract light ac- 
curately Jrom one point to another. 

He supposes the first surface given, and determines the second 
thus, (Fig. 102.) 

Let A be the focus of incident, B of refracted rays ; ADFB 
the course of a ray ; CP^ ER, circular arcs with centres A, B ; 
CQ, ES, orthogonal trajectories to DF. 

Let AB, AD, DF, be produced so that J5G = (w-l) CE, 

AH^AG\ DK=i — DH. Join KB, and let a circle with centre 

m 

D, and radius DH cut it in L. Draw jBjF parallel to DL. In 

the first place PD^m.DQ-, FR:=:^Fn. FS. For let AD, AE 
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(Fig. 103.) be two incident rays inclined to each other at an in- 
finitely small angle, DK, EL, the refracted rays. Let EF, EGhe 
perpendicular to AD, DK. Then PF=Ep^ QQ^Eq; therefore 
DF=d, DP, DG=^d. DQ. Now it was proved in the former 
proposition that DF^sm. DG, and DP^ DQ are evidently integrals 
of these differentials beginning together from nothing. 

To return then to our problem, 

PD 

but m = ^^^ ^ 



• • 



m = 



DQ' 








* 


DL 


FB 


DL-FB 


PH- 


-PD^FB 


DK~ 


FK 


DK-FK 


FQ-QD 


PH- 


FB 


CE + EG- 


-BR- 


FR 


FQ 


« 


CE- 


-FS 




* 




CE + BG- 


-FR 




■* 




CE-FS 








CE + {m- 


l).CE 


-FR 


• 


CE 


-FS 


> 


• 
• 


. m ■■ 


FR 
FS' 




• 



_ and therefore the ray ADF is refracted to JB. 



CHAP. XI. 

CAUSTICS PRODUCED BY REFRACTION. 

106. These caustics are exactly analogous to those before 
treated of, being formed by the successive intersections of refracted 
rays, as those were by reflected ones. 

Prop. Required the caustic to a plane refracting surface. 

Let QR (Fig. 104.) represent an iacident ray, qRS the re- 
fracted one ; AM^ MP are the rectangular co-ordinates of a point 
P on that line ; PN is parallel to AM. 
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Let iQ = A, 

AM.=x, 
MP=y. 
Then MP-AR-NRy 
that is, y = A tan — a: tan ff. 

This is the equation to any point P on the refracted ray. If this 
»oint be on the caustic, it must be conimon to two successive re- 
racted rays infinitely near each other, that is, x and y must be the 
ame for the refracted rays answering to 9 and 0+d0. We may 
herefore equate to nothing the differential of our equation with 
espect to 9 and ff^ considering x and y as invariable. This gives 



IS 



d9 dff 

= A ;;::: - X -r^ . 



cojs 9^ cos 9 

Ve have, moreover, between 9 and 9\ d9 and d9\ the equations 

sin 9=^m . sin 9^ ; cos 9 .d9^m cos ff . dff. 

From these, by the elimination of the functions of 9 and ffy we 
hall obtain an equation containing only x, y, m, and A, Which will 
»e that of the caustic. 

1 07. Prop. Required the focus of a thin pencil of rays after 
*eing refracted obliquely at a curved surface. 

Let QR, QR\ (Fig. 105.) represent two rays inclined to each 
•ther at an infinitely small angle^ incident obliquely on a curved 
urface at iJ, R' ; Ry, R'^ the refracteii rays ; RE^ R'£, normals. 

Let EQ = y, 

Ey = ^ 

ER = ;, 

QR = //, 

R^ = r, 

/QR2:=r0, 

zERq^(p\ 
^L 
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Then we have these equations: 

sin (f>^m. sin (f/ (I) 

du + mdv^O (Art. 104.) (2) 

y* = tt* + r' + 2tir cos (3) 

^» = v* + r*-«t;rcos 0' (4) 

and the following, derived by differentiation^ 

, . dfb cos it! 

from (1) — ^= ^, 

mdip cos 

(3) 03=(ii-|-r cos 0) du'-ur sin <l)d^, 

(4) =» (r — r cos 0') dv -f vr sin ipfdipf, 

, u + r cos d) dtt 

that 18, w = : — —^ rr- , 

r sm dip 



v = 



V — r cos 0' — mdv 
r sin 0' mdif) 

Dividing the latter of these by the former^ and putting 1 for 

mdv , cos d> _ d(b . . 

««* cos ma0 

V ^ v — r cos 0' sin cos <f/ 
u u + r cos <f> sin 0' ' cos (j> ' 

»r cos 0\tan <f> 



1 



M tan ~ (m + r cos ip) tan 0' 



Particular cases. 

(1) When ti is infinite, or the incident rays are parallel 

r cos 0' . tan <p r cos (p^ . sin d> 
tan — tan <f/ sin (0 — 00 

This is easily constructed: 

•Draw Em (Fig. i06.) perpendicular to Rq^ mn to ER; nq 
parallel to QR, determines the point q. 

It is easy to sec that by this construction we have 
Rn = RE. (cos ERqf = r cos 0'*, 




(0-^')" 

QR a tangent to the 



^ In this case we have only to draw Em perpendicular lo the 
refracted ray. 

(3) When v is In be infinite, or the refracted rays parallel 

h u Ian — u tan {ft ~r cos <p tan 0' = O; 

^ /■ cos d) tan <]>' ,, 'sin (b' 

fc ,'. u = / — = r cos (p . -T- r — 'T ■ 

r^' tan fp — tan (p sin ((p —0) 

(4) When 0' is a right angle, t; = 0. 

108. It has been shown that an infinite number of different 
surfaces may reflect rays proceeding from the same point, so as to 
produce the same caustic : the same thing is true of refracting sur- 
faces, for the equation 

du-\-mdv = 0, 
will have for its integral an arbitrary constant, as well when Itq 
the line represented by v is drawn every where to one point (as in 
Art. 104,) as when Rq is always a tangent to a certain curve, or in 
short whatever law it is guided by. 

We may now easily see what will be the form of the caustic in 
particular instances. 

109. het the refracting body be act/Under of glass terminated 
^ a hemisphere. (Fig. I07-) 

(1) Let the incident rays be parallel to the axis. Taking 
m= - , we have F= — ~ =3r, so that if AF be taken 



equal to thri 
will easily 



i times AEj F ii the principal focus, and il 
« seen that there must be a cusp at that 



In the next place, take the extreme ray QC, which 
touches the surface at C, making ihe angle of incidence 
a right angle : the angle of refraction is, of course, that 



wbuiic niue i^ ^ . Let ECD be thi^ uiigle, Applying tlie 
construction discovered above, ue titid that if £m be drawn 
pei'peDdicular to CD, m is at the extremity or edge of ibe 
caustic, which must be of a form Homethiog like mriFii'm. 
If the refracting surface be only part of a bemisphere, 
as GAg, the caustic is of courae reduced to hFh, if n, w 
be the poiuts where the rays refracted from G, g meet the 
whole caustic. 
(S) As Q advances towards the surface, (Fig- 108.) the caustic 
diminishes in breadth, and increases in length, till wheu 
-4Q = 2jiE, Aq becomes infinite, and then the caustic 
has two infinite brandies asymptotic to the axis, (Fig. 109.). 

(3) Past that point, q comes on the same side with Q, and 
the caustic breaks as it were into two parts, (Fig. 1 10.) 
one of which proceeding from q is imaginary, the other is 
real, iind both have infinite brunches extending along the 
asymptotes Oo, o . 

(4) When Q comes to A, both parts of the caustic, of course, 
disappear altogether, being entirely merged in that point. 

110. When ihe refracting surface is :i cviicave hemisphere, 
e caustic lies ou the same side with the radiant point. 

(1) (f the incident rays be parallel to the axis, the form of 
the caustic is that represented in Fig. Ill, where i^ is the 
principal focu3, QC the extreme incident ray, Cm the ex- 
treme rafracted ray louching the caustic at its lip m. Em 
is perpendicular to C»i, and the point m is found bj 

drawing Cm at the proper angle, (that whose sine is —I 

iulersecting a semi-circle on CE. 

(fi) As a advances towards £, the caustic contracts (Fig. 1 12.) 
till wlien AQ = im+ i). AE, as there is no aberration, it 
vanishes altogether. 

(3) It then turns its arms die contrary way, as in Fig. 113, the 
rays retracted on one side of the axis intersecting on the other, 
till Q gets lo the centre, when the caustic again vanishes. 
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(4) While Q is between E and ji, we have a similar kind of 
curve, and when Q is at il, the caustic consists of a curve 
with two branches very much bent back, and of the 
point A itself, (Fig. 114.X 

111. Let now the refraction take place out of the denser into 
ibe rarer medium, and as a first instance, let the refracting body be 
a glass hemisphere, and the rays enter (>erpendicularly at the flat 
surface, (Fig. 115.)* 

*In th6 first place w^ may remark, that as no refraction can take 

place at an angle of incidence greater than that whose sine is — , that 

m 

is, in this case ^, if En be taken two-thirds of £C, and nmhe drawn 
parallel to EA, Qm will'be the extreme ray that can be refracted. 

Since v=Oj when <!>= ^ ^ or cos (f/ =:0, it is plain that the 

curve must begin at m, m touching the circle, and extend to jP, the 
principal focus. 

As to the rays that are without the limits of refraction, they are 
)f course reflected at the concave surface, and their caustic consists 
>f parts of two epicycloids, CV, cv, 

A plano-convex lens represented by mAm would give the 
vbole of the caustic mFm'. 

112. Let now the radiant point be in the axis of a cylinder 
f glass terminated by a convex hemisphere, (Fig. 116.) 

(1) Suppose ilQ>> 3. il£. 

The caustic here extends further both in length and 
breadth than in the last case. It begins of course at the 
point 971, EmQ being the angib whose sine is \. 

(2) When JQ = 3AE, Arjis infinite, so that the branches of the 
caustic becomes asymptotic to the axis, as in Fig. 117< 

(3) When jiQ is less than three tiroes JE^ the curve ppens, 
in a form something similar to that in Fig. 30. 
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For instance, when Q is at tbe extremity of the diameter 
of a sphere, F^. 118.) 

Aq = 4AE, 
£mQs 41°. 49, 
QEm =96". 22'; 
Rv, R'v are the asymptotes*; 

Ev = 3.949 AE, 
EvR=\\\^'. 

(4) Let now Q come within the sphere^ (Kg. 119.)- 

Provided EQ be greater th^n j AE, a s^ment of a 
circle on EQ capable' of containing an angle of 41^ 49', 
will cut the section of the sphere in two points m, fh 
at which rays incident from Q will be refracted parallel to 
the surface. Between the points m, n, there will be no 
refraction: those rays which fall on ilm will, after refrac- 
tion, form a caustic of the same kind as that of the.Iut 
case : those which fall on an will form another caustic 
nq\ q being the focus for rays refracted at a. 



* The place of the asymptote is thus calculated : 
Since v is to be infinite, and ws=2r cos ^, 

tan 0' 



1r cos <p:=r cos ^ . 



tan — tan ^ 
Hence, 

sin£^2.5ii^,or^' = 2.'-2il',thatis,«=2^*'; 
cos cos <p sin <p cos cos 

and if j=sin <p, 

/4— «i* / 7 $ 

mVi-5«=2>/l-mV; •'• "«*= \/ -3^5-= ^ g^r* ifm = .. 

From this we find 0, or i;i2Q=30^ 36^', ERv = 49® 48'. 
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(5) When JBy sa | AE, (Fig. 120.) the segment of a circle just 
touches the sphere ; all rays incident on Am are refract- 
ed accurately^ so as to meet in y • (-^y = "j -^■^« The 
other rays falling on am form a caustic mq\{aq^ =s^a E), 

(fi) From this last place of Q to the centre, the caustic takes a 
form of the kind shown in Fig. 121, in which EQ is 

half the radius^ q is on the surface qq '=' r^E, 

(7) When Q is at the centre, of course there is no caustic other 
than that point itself: afterwards we find the figures de- 
scribed above, only that their places are inverted. 

1 13. We have yet to consider the case oT rays passing out of 
a denser into a rarer medium through a convex surface. 

Let then jfi (Fig. 1£2.) be the centre of a surface CA c bound- 
ing a denser medium, and first let the incident rays he parallel to 
die axis AE, 

r 
The principal focus F is at the distance from A^ that is^ 

at two radii if m = j : and if A Em be the angle whose sine is ^ , Qm 
will be the extreme ray that can be refracted, so that the caustic 
will touch the surface at m, and have a cusp at P. 

As Q comes towards A^ (Fig. 123.) the caustic contracts both 
in length and breadth, till on Q coinciding with A,* it is reduced to 
that single point. 

114. With respect to the forms of caustics belonging to curved 
surfaces not spherical, it is not worth while to say much, as the 
subject is difficult and of very little importance. There is, however, 
one pase which is simple enough, namely, that in which the section 
of the refracting surface is a logarithmic or equiangular spiral, and 
the incident rays meet in its pole. 

Let Q (Fig. 124.) be the pole of such a spiral, QR, QR, QR" 
three successive rays refracted into the directions RS, R^S\ R'S^'^ 
so as to meet in q^ q\ 

Then, since in this case the angle of incidence is every where the 
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m 

same, all the angles of refraction mnst likewise be equal, and the line 
Rq, mustj like the radius of curvature, vary as QR ; the triangle 
QRq will be every where similar to itself, so that the angle QgR will 
always he of a given magnitude, and since Rq touches the caustic 
in qy this curve^ having the angle between the radius vector and tan- 
gent constant^ must be an equiangular spiral^ with Q for a pole. 

The constant angle QqR may easily be calculated by means of 

tables, for if Ry be ajangent, we have cos qRy = —cos QRy^ 

m 

QRq-rzq Ry " QRy. Then Rq being found in terms of QR 

by the formula for v (p* 82.) we have two sides and the included 

angle of the triangle QRq to determine another angle. 

115. We may now pass on to the caustics formed by rays re- 
fracted twice^ such as those passing through a sphere or lens. 

Let E (Fig. 19,5,) be the centre of a sphere of glass into which 
rays enter parallel to the diameter AE. ^ 

We have seen (p. 66.) that the principal focus- jF is at the dis- 
tance of a radius and a half from the centre : the extreme ray QC 
is refracted into the direction Cm making the sine of ECm two- 
thirds of the radius, and emerges in a tangent to the sphere at m. 
The form of the caustic is found to be such as mkFk'm', having 
cusps at k, k\ 

When the sphere is rarer than the surrounding medium, the form 
of the caustic is such as is represented in Fig. 126. 

11 6. When parallel rays are refracted through a double-con- 
vex lens the form of the caustic is such as shown in Fig. 127 and 128, 
in the latter of which the caustic touches the lens, as on account of 
its great thickness the extreme rays do not pass through it. 

A double-concave lens gives a caustic of a similar form but on 
the other side, (Fig, 129 and ISO.). 

As to other cases of the caustics given by the sphere and by 
lenses^ it is not worth while to dwell upon them, as the subject is of 
little or no practical utility. 

It will, however, be as well to make one or two remarks con- 
nected with this subject. 

117* Let Cj4c (Fig. ^3\.) be a refracting surface, mqm the 
caustic, Cmk, Cmk the extreme rays touching the caustic in 



m, m' and cutting it in k, k'. Il will easily be seen that all ihe re- 
fracted rays must pass between k and A', or tliat A'^'is the diameter of 
what in Chap. ix. we called the /east circle of aberration or diffusion. 
1 18. It is of some consequence to know how the light will be 
diffused over the area of this circle. Il is easy to see that it will be 
moat dense in the centre and circumference ; for the circumference 
i» on the caustic where there are many rays crossing in a small 
space, and there is a cone of rays represented by the lines lo, to, 
having its apex in o, the centre. 



CHAP. XII. 

IMAGES PRODUCED BY REFRACTION. 

119. Let .4 BC (Fig. 132.) represent a straight line or rod 
sunk in water up to iJ. The rays of light proceeding from any 
point C in the water will be refracted so as to proceed apparently 
from a point C, which, by referring to Chap, vii, we find is higher 
than C by one-fourth of its depth, (supposing m to be \ for water). 
The consequence of this is, that the visible appearance of the 
rod is such as is represented by the broken line ASC , the tangent 
of the apparent angle of inclination to the surface {C BD) being 
three-fourths of that of the real angle CBD. 

1 20. Let us now examine' the images produced by curved re- 
fracting surfaces. It will be quite sufficient in a practical point 
of view lo take the cases of the double-concave and convex-lenses. 

In these we find that when a pencil of rays is incident either 
along Ihe asis or in a direction little inclined to it, the focal distance 
IB given by the equation 

A" f ^ A 
From which we may concludCj that if A be constant. A" will 
be so; that is, if the object be a portion of a spherical surface, 
(Fig. 133.) having for its centre that of the lens, the image will be 
a simitar portion of a sphere, the radius of which will be A" as that 
of the object is A. 

121. If the object be a straight line, it will be found that the 

tly analogous to that in Chap. vi. substituting the centre 
M 




nf the lent fot Out of the refleciing lurlnce ; the image i 
H portion of a conic section, the htm reclunt of which is the piin 
4;ipal foca) length of (he lens. The curvature of the image ia th 
same for all distances. 

The reader will have no difBcully in collecting from thisthi 
the image of the Sun given by a lens is a stoall portion of a 
cal surface, the middle of which ia at the principal focus of the teoM 

It will moreover be easily seen, (Fig. 134 and 135.) thatadoublw 
concave leus gives an erect image, a double-convex generally wd 
inverted one. I say generally, because when the object is 
tens than the principal focus, (Fig. 136) the image is beyond it on 
the same side, and therefore erect. 

With the exception of this last case, the image given by a coiives- 
lens ia a real one, that by a concave-lens is alwuys imaginary. 

Note. In all images produced by reRexion or refraction at 
spherical surfaces, there is in practice necessarily some little indir 
tinctness arising from the aberration of the rays distant from the axis 
In consequence of this, instead of single points or foci we find small 
circular spots with bright edges and centres which iiilersect and com- 
fuse each other as represented on an exaggerated scale in Fig. 137. 



CHAP. XIII. 

L KEl'B ANG1B1I.1TV OF LIGHT. 



I 



122. We coine now to an entirely new part of the subject, 
We have hitherto considered light as something, whether subatancs 
or affection of substance, of one single kind. The fact is, however, 
that light, as it comes to ns from the Sun, is not homogeneous, but 
consists of various kinds, mixed together in different proportions, 
which being refrangible in different degrees by the same medium, 
may be exhibited very clearly by causing a Sunbeam to pass 
through a prism and fail on a sheet of paper placed in a proper 
position on ihe wall of a room. The parcels of different kinds of 
rays, being unequally refracted, are separated, and (he result is a 
lengthened spectrum, such as is shown in Fig. 138, the colour of 
which is at the bottom deep red, and passes through various graduations 
of orange, yellow, green, and blue to ii reddish violet. It appears 



i 
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tbas that the red rays are the kast refrangible, and the violet ones 
the most. 

123. Sir Isaac Newton, who may be considered as ,the 
Father of the physical part of this Science, distinguishes seven in* 
dependent primary colours which he calls red, orar^e, yellow, 
green, blue, indigo^ and violet ; and he tells us that the parts of tha 
spectrum occupied by these colours are proportional to the intervals 
of the diatonic scale in music*. He found their degrees^of refran- 
gibility in passing out of glass into air to be as the numbers 
77> 77+, 77+, 77+, 77+, 77+, 79+ and 78; those being the values 
of the sines of refraction to the common sine of incidence 50. 
Some substances, however, separate the different coloured rays 
more widely than others^ and the dispersive power of media does 
not appear to depend at all upon their mean refracting power t. 



••^n 



* Dr. Wollaston has determined the division of the spectmm, with 
creat accuracy, by looking through a prism at a narrow line of light ; his 
result is that there are four primary colours : red, green, blue, and violet, 
occupying, respectively, l6, 23, 36 and 25 parts, in length, of the spectrum* 

The blue light at the bottom of the flame of a candle, is easily resolved 
into five distinct parcels of the following colours, red, light green, dark green, 
blue, and violet ; that of a spirit lamp, which appears quite blue, consists 
chiefly of green and violet rays. 

t The difference of the extreme values of the fraction -: -^ for 

sm reff. 

glass, appears, according to Newton, to be --- . This might be taken as 

a measure of the dispersive power of the substance, but it is usual to adopt 
a different expression. 

When the angles of incidence and refraction are very small, they are 
nearly proportional to their sines. If therefore we take a constant small 
angle Q for the angle of refraction, the angle of incidence will be m^, and will 
diflRer according to the value of m. The difference between these two, 
or (m— 1)^, is the refraction; and if w, and w„ be values of m for red 
and violet rays, the difference of the refractions or the dispersion 
will be (w« - 1)^ - (m, - l)a or {m„^m,)B. Its ratio to the refraction 

•to* ■ ■ MIC 

will consequently be -^ — ^ , taking the mean value for m : this is the usual 

m^sure of the dispersi'oe power. 

In flint-glass its value is about 0.^05 ; in crown-glass 0.033. 
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1 34. The Sun-light once broken by a prism does not sdtnit 
or any farther decomposition of the same kind, for if a portion of 
the coloured light of any sort be made to pass through a second 
prism, it preserves its peculiar colour unchanged, and the beam of 
light, has, after refraction, the same form as before. For this reason 
the rays of any one colour are called homogeneous, and the light 
simple or homogeneous light. 

135. It is remarkable that an object illuminated by homogene- 
ous light has no colour but that of the particular sort of light fall- 
ing on it; the only distinction observable being that an object 
naturallv of the same colour as the light, appears brighter ihan one 
of a different hue, thongh much less so than a white one. This leads 
one to conjecture that the colours of natural substances are owing 
to some power residing in them whereby they decompose the ordi- 
nary compound light, and reflect only some particular kinds*. This 
conjecture is strengthened by an experiment made by Sir Isaac 
Newton, in which he found that when a piece of paper coloured 
partly red and partly blue, and marked with black lines, was illu- 
minated by a candle, and a convex-lens of considerable focal distance 
placed before it, the images of the two parts were not adjacent, but 
the blue was at a greater distance from the lens dian the red, justas 
if the paper had been illuminated partly with red and partly with 
blue homogeneous light. 

126. It will readily be conceived that the unequal refrangibilily 
of light must give rise to a good deal of confusion in all images 
produced by refraction. For instance, a pencil of rays diverging 
from a point on the axis of a conves-lens will be collected^ not to 
one single focus, but to a series of foci lying at different distances 
from the lens along its axis, and there will consequently be a con- 
fusion analogous to that arising from the aberration which we found 
to be produced by the spherical form of a refracting surface. 



* According to this theory we may suppose that a substance appears per- 
fectly while when it reflects all the rays of light indiscriminately, and grey 
or black when it absorbs some of all, and reflects more or less of the com- 
pound light without decomposing or dividing it. Sir Isaac Newton confirmed 
this by showing that a grey paper placed in sunshine appeared brighter, 
that is, more viAite, than a white one placed near it in the shade. 
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127. In order to examine this additional confusion we will sup- 
pose a beam of Sun-light to fall on a lens^ formed so as to. collect 
each kind of homogeneous light accurately to one point without 
aberration. 

Let then QR (Fig. 139*) represent a pencil of compound light 
incident at R. This will be divided by the refraction into several 

pencils Rv, Ri, Rb, \f v, i, b, g, y^ Oy r, be the points to 

which the violet^ indigo, blue, green, yellow, orange, and red rays 
converge*. And if rays are admitted to all points on the surface of 
the lens, the points v, i, &c. will be the vertices of so many cones 
of light of the different colours. 

As all the rays do not converge to one point, it is important to 
know at least where they approach most nearly to it, or where they 
are all collected in the least space, and how great that space is, 
which is, in technical language, to require the centre and diameter of 
the hast circle of chromatic aberration or dispersion. 

A little consideration will easily make it clear that if JBv, bVy 
JBr, Ar, (Fig. 140.) be the extreme violet and red rays from 
opposite points of the lens, all the refracted light from the section 
BAb of the lens will be found in the spaces between the lines 
Bvy Bry bv, br, all produced without limit, and that the smallest 
space occupied by them all is the line nmo which joins the intersec- 
tions of Br, bv; Bv, br, respectively: no is therefore the dia- 
meter and m the centre of the required circle of aberration. 

mn . . mn . •/. 

Now mr = Ar .-ttt; and agam, mv = -dx?--— ; so that if 

AB AB 

we add these together, we shall have 

win,. .. „, vr Ar — A.v 

vr = -j-rz{Ar Jt Av), Of no = Bb = Bb- — —r- , 

AB Ar+Av Ar-^-Av 

^ . .*- nm . / 7/o\ 2Ar.Av 

AB V Bb^ Ar + Av 



* We suppose here that there are seven distinct parcels of colours, 
each refracted to its proper focus, but- as in the most perfect experiment of 
the prismatic spectrum there are no •intervals between the colours, the 
number of foci should probably be infinite. 
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If we put 1 + r Mid 1 4- V for the ruUo of refracliM bcioiigng ||^ 
to the red and violet rays respectively, we shall have f taking forlbe f^ 



1 m-\\ 
general equation ■=; = j, 



Ar — Av __ t> — r 
Ar + Av r + r ' 

and therefore if we put a for the aperture Bb, 

V " r 
wo = — ;; — .a. 

Suppose, for instance^ the lens be of crowo-glass, 

v = .56 

r = . 54, 

v—r _ .02 _ 1 
v + r " ITT "" 55* 



1 









The diameter of the least circle of aberration is therefore «-^ of 

55 

the aperture. 

128. With regard to the distribution of the light over the surface 
of the circle of least aberration, it will be sufficient to observe that 
the vertices of all the cones of coloured light being on the axis of 
the lens^ the centre of the circle is one of them^ so that it must be 
strongly illuminated, having the whole of the light of one sort thrown 
on it^ besides portions of the others ; the circumference on the con- 
trary is enlightened only by the extreme rays of the red and blue 
cones, so that it is the least bright part, aud it will be easily seen that 
tlie light diminishes gradually from the centre of the circle to the 
edge* 

On this account the effect of this aberration on images produced 
by lenses^ is not so great as one might imagine from the great magai^ 
tudc of the least circle of aberration: it certainly substitutes for 



thgle foci, so many interconfused circles, but as these are bright 
nly at their centres, and above ail, as the yellow light, whicli is the 
Tightest in the spectrum, converges nearly to those centres, the 
azinesa is not very considerable except in cases where the light is 
ery much condensed by a lens of short focal length. 

1 29. "Hie chromatic aberration is, however, a much more serious 
ar to the perfection of optical instruments depending on the lenSj 
lan that owing to the spherical figure, for this latter imperfection cah 
e made quite insensible iu must cases, by diminishing the aperture 
f tiie lens, since it varies as ihe square of this line, whereas the 
irmer varying as the simple power of the aperture, will be 
iininifihed certainly, but very considerably less thau the other. 

It has therefore been a great desideratum to find some way of 
ooStructing a lens, so as to be achromatic, and this has been tole- 
Bbly well effected, by joining together two or more lenses, made of 
ufaslances having different dispersive powers, so that the disper- 
ions may be equal and oppositt', though the refraction be not wholly 
lestroyed. 

130. The expression for the principal focal length* of a com- 
nnation of lenses placed close together was found (p. 68,).t<i be 



I 



— +^^^— 



If therefore 1 + r and 1 + v represent the values of m for red 
ilet rays, we shall have, taking only two lenses. 



r =- + - 



, for the red ray. 



* 



I for the violet. 



tow it is clear that if we chuse to leave p and p' indeterminate, 
ay equate ihese two values of ^, and so obtain proper values 
br p and p\ 



* It is quite Bufficient to consider the principal focal length, as it wil! 
iisily be eeen, tLat in the ca«e of rays not parallel, one has only to a.dd -^ 

Iex press ion. 



rp +rp=Vfi'-^v'p, or— = , 

which bIiows that p and p must be of different signs, or 
concave and the other convex ; and that they are as the respeeil 
dispersions of Uie lenses. 

In order therefore to bring the most unequally refrangible 
namely, the red and violet, to one focua, we have only to put 
a convex and a concave-lens, and to make the quantities repres 
by p and p' (or the principal focal lengths, for any one 
simple light, which are in the same ratio) proportional to the 
persive powers of the substances, of which the lenses are 

131. The common practice of opticians is to use flint-gli 
and crown-glass, the dispersive powers of which are in the 
50 to 33; and therefore a compound-lens such as lliat repi 
in Fig. 141. in which the separate focal lengths, for the sar 
of homogeneous light, are as 50:33, will make the red and violet rsj) 
of the soiar, or any similar light, converge accurately to one point. 

To illustrate this, let v, g, r, (Fig. 142.) be -the points to which 
the convex-lens by itself would throw the violet, green, and red raya, 
The addition of a concave-lens diminishes the convergency, anil 
therefore throws the foci farther off; but it affects the violet and 
green light more than the red, so that they are all brought closer 
together, and if the lenses be so matched thai the dispersive power 
of the first is just balanced in all parts by the counter-dispersive 
power of the second, the rays wilt all be brought to one single 
point /. 

If, however, the substances of which the (wo lenses are made, do 
not act with equal iiie^ualitt/, on the different coloured raya, the 
object will not be attained. If for instance, (Fig. 143.) the first lens 
disperses the rays so that the foci v, g, r are equidistant, but the 
second lens acts very nearly as strongly on the green rays as on the 
violet, it may throw the red focus from r to r', the violet from v to 
v close to it, vv being greater than rr', but the green will go from 
g to g', making gg' nearly equal to vv', so that the three foci will 
not coincide. 
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Now this is in some degree the case with respect to flint and 
mwn-glass : they do not disperse the different coloured rays pro- 
artionally, and in consequence, if two lenses be matched so that 
«ir dispersions are equal and opposite for the extreme rays^ there 
ill still be some aberration of green and blue rays uncorrected. 

132. Dr. Brewster in his excellent '^ Treatise on new Philo- 
»phical Instruments" details some experiments tending to shew 
at prisms and lenses of the same substance might be combined so 
I to correct each other's dispersion, without destroying all the re- 
iction. 

He found that when a beam of light passed through a flint-glass 
ism, so that the deviation was a minimum, (the angles of incidence 
id emergence being equals) and the dispersion was corrected by a 
laller prism of the same substance^ inclined to increase its refrac- 
m, the colourless pencil was still considerably refracted from its 
iginal direction, by the prism with the greater refracting angle. 

This combination, represented in Fig. 144. he proposes to 
litate with a pair of lenses, by making them of the form shewn in 
ig. 145. 

The reason wh}^ the preceding tlieory did not lead to any such 
3nclusions as these, appears to be as follows : 

It was taken for granted, that a given substance has always the 

ime dispersive power into whatever form it be put, or however its 

jrface be inclined to the light, that is, that the dispersion bears a 

onstant ratio to the mean refraction. Thence it was argued that 

le dispersion of a lens was as the dispersive power of the substance, 

ud \\ie power of the lens, jointly^ or as the dispersive power directly, 

nd focal length inversely^, and that therefore the dispersions of a 

on vex and concave- lens might be made equal and opposite, if the 

dispersive power , . i , • 

^action — - — - , , — was the same m each : but it appears 
focal length 

:pm Dr. Brewster's experiments, that our premises are not true, 

>r that when the angle of incidence is changed, thfe ratio of refrac* 

ion is not constant for each kind of primitive tight. 

133. Dollond, who first constructed achromatic compound* 
mses, made them of three different parts, as represented in Fig. 146, 

N 



two convex lenses of crown-gluss 
glass between them. In this cs 
lenses as producing one single 
correcting it. 



with a concave one of white flint- 
e we may consider tlie two outer 
refraction, and the inner one u 



CHAP. XIV. 



THE EVE. 



134. The organ by which we are most usually, and moit 
easily informed of the presence of external objects, and without 
which we should often be ignorant of their form, and always of 
their colour, is the eye, a most curious combination of parts ao ad- 
mirably contrived to answer all the purposes required, that nothing 
short of divine intelligence could have been capable of constructing 
it, and the mere imitation of it is far beyond the reach of htunaD 
skill. 

135. The eye is, in form, nearly spherical, as will be seen by 
referring to Fig, 147, which represents a horizontal section of the 
right eye*. 

Its several parts are as follows : 

The cornea A is a transparent membrane which covers the con- 
vexity in front of the eye. It is formed like a meniscus, bebg 
thickest in the middle. 

The sclerotica HIK is a thick tough coat, which covers the re- 
mainder of the eye, and is intimately united with the corneii round I 
the edge of the convexity. 

The choroid-coat EFG lines the sclerotica; (but not the cornea): 
these two integuments are united rather loosely in general, except 
round the edge of the cornea, where they are firmly fastened toge- 
ther by a circular band, called the ciliary ligameiil. 



' This figure is copied from Dr. Young. 



"he choroid is coiiliniied, so as to form, by a soil of doubling 
Ibid, the ciliary processes, and is again continued in front of 



I This cuntiniialion is called the uvea, and is like a circular basin 
med away towards the centre, where there is an aperture B. 

I This aperture is denominated the pupil. It is of various forms 
idiffereat animals, and is capable of being contracted, or enlarged, 
^inan it is always circular, but in animals of the feline kind, its vev- 
J diameter is invariable, so that its tigure varies from a circle to 
trsight line (Fig. 148. )• In ruminating animals on the contrary, it 
jlrsnsversel.v oblong, and when contracted (o the utmost becomes 
lorizontal straight line (Fig. 149). 

[ The change in the size or form of the pupil, is effected by certain 
icles, which in general perform iheir office spontaneously, being 
■ the kind called invofiintari/. The cat however in said to hare 
great command over this mechanism. 

The iris is a coloured membrane coating the exterior surface 
of the 7ivea. Il is of different hues in men, varying through many 
shades of blue, gray, brown, and green. 

The interior surface of the choroid is covered with a dark mucus, 
in which is imbedded a line net-work, called the retina. This pro- 
ceeds from the optic nerve, which enters obliquely at the back of 
the eye through a lube (part of which is shown in the figure) which 
connects the eye with the brain, the coals of which, called the dura 
mater and pia maler, are by some writers said to be identical with 
the sclerotica and choroid. M. Cuvier says on this subject; " Le 
" nerf optitjue parcourt la portion post^rienre de la scl^rolique par 
" uh canal d'un pouce et demi de longueur, dont les parois sont 
" forme es par la durc-m^re; et il est tr^s visible que les fibres 
"blanches, qui font la base de la scl^rotique, se dctachent suc- 
" cessivement de la face externe de la dure-mere, dont elles sem- 
" blent 6tre un ^panouissement. Cela pourroit decider, en faveur 
" des anciens, la question de savoir si la scl^rotique eat ou non une 
"continuation de la dure-m^re; question assez difficile k r^soudre 
" dans les autres animanx oii ces deux membranes ne se touchent 
" que dans une espace tr^s mince." As to the other point, he seems- 
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to set it at rest, by saying of the optic nerve that '' arriv^ a la cho- 
'' roide^ il la perce par un trou rond^ ferm6 d'une petite membrane 
'^ crible6 d'une multitude de petis pores, au travers desquels la sub- 
'' stance niedullaire qui a travers6 les longs canaux dont ce nerf est 
'* compos^^ seinble s'^couler pour se m^ler intimement et former 
** cette expansion nerveuse qui double toute la concavit6 de la cho- 
"roide, et que Ton nomme r6tine." 

Within the eye^ near the uvea, is suspended in a transparent 
membranous capsule, a jelly-like substance C in form of a double- 
convex lens of unequal radii, being less convex in front thdki on the 
back ; this is called the chrystalline lens* It is composed of a 
great number of lanfiinse, which are divisible into fibres^ convergmg 
from the circumference towards the middle of the surface, and 
varying in hardness from the surface to the centre^ where the con* 
sistence is the greatest. 

llie space D behind the chrystallitie, which is the largest in the 
eye, is occupied by the vitreous humour^ a viscous fluid contained 
in a cellular sponge-like substance enclosed in a very fine trans- 
parent membrane. 

The cavity between the chrystalline and cornea^ which is partly 
divided by the uvea^ is filled with a fluid called the aqueous humour, 
which consists merely of water^ with . small quantities of albumen 
and salt^ and is quite limpid, and devoid of smell. It is said by 
some authors to be lighter than distilled water, ip the ratio of 97^ 
to 1000. 

Ido. The proportions of the spaces occupied by the three 
humours of the eye vary in difi^erent animals, as may be seen firom 
the following Table, taken from M, Cuvier*s Anatomie Comparee, 
which shows the parts of the axis lying in the several huinours : 
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m 


Aqueous 
Humour. 


Chrystalline. 


Vitreous 
Humour. 


Man 


3 
22 


4 
22 


15 

22 


Dog 


5 

21 


' 8 
21 


8 
21 


Ox 


37 


14 
37 


18 
37 


Sheep. . • • 


4 
17 


11 
17 


12 
17 


Horse 


9 

43 


16 
43 


18 
43 


Owl 


8 
27 


11 

27 


8 
27 


Herring. . . 


1 

7 


5 

7 


1 

7 



The radii of the surfaces of the chrystalline are in 

Man...,as 12 to 16* 

Dog 12. • • 14 

Ox 6. . .21 

Rabbit 14. « . 14 

Owl • IC. • . 14, 



♦ These are according to M. Cuvier, the actual magnitudes (in milli- 
.res, I suppose). 




The apecific gravitiei of the different parts are as follow 
of distilled water being I : 



In tbe On. 

Aqueous humour 1 

Vitreous humour 1 .01 6 

Chrystalliue lens (mean) 1.114 

Outer part of ditto 1.070 

Inner. 1.160 



1 

1^13 

1.I6A 

1.140 

1.200 



As to their refracting powers, they must be more considenbit 
than their densily indicates, on account of the inflammable particles 
which enter into their compoaiiion It is possible also, that the 
proportional quantity of these inHammable particles may not be the 
same in the different humours, so tliat their refracting powers nujt 
not be exactly tn the ratio of their densities. {Cuvier.) 

Dr. Wollaston makes the refracting power of the vitreous he- 
mour equal to that of water. a»d that of the chrystalline lens of the 
ox greater in the ratio of from 1.38 to 1.447 to 1. Dr. Bremter 
gives the following Table deduced from experiments made on i 
recent human eye : 

f water 1.3358 

E aqueous humour 1 .3366 

I — vitreous humour 1.339* 

Refracting power of •( — outer coat of chrystalline. ... 1 .3767 
I — middle 1 .3786 

- central parts 1 .3990 

- whole chrystalline 1.3839 

Dr. Brewster gives the following dimensions: 

IdcIi. 

Diameter of the chr>st:il!inc 0.37S 

cornea 0.400 

Thickness of the chrystalline 0.172 

— ■ ■■ cornea 0.04'2 

137. The construction of the eye being so far explained, we 
may now detail the circumstances nll«uding vision^ as far as we 
are acquainted ivilh ihcm. 



t The lays of light proceeding from any point, whether luminous 
I itself, or merely reflecting light, fall oa the cornea of the eye, 
I are by that slightly refracted : they then enter the aqueous hu- 
, which, being terminated in front by a convex aurface, funher 
ninishes their divergence : the uvea stops all the extreme rays, and 
_ a only those near the axis of each pencil to pass through the 

pupil • : these enter the ckrystalliiie, which, with the vitreous humour. 
which succeeds it, completes the refraction, and collects all the 
different cones of light to points on the retina, which, it is sup- 

Iaed, is affected by them, and transmits the sensations excited in 
by means of the optic nerve to the brain, where they become the 
nms of conveying intelligence to the mind. It is admirably 
placed, so as to admit the greatest possible extent of view, as may 
be seen by comparing Tigs. 150, 131, the latter of which shows 
what would be the effect of a diaphragm placed in front of the eye, 
of such a magnitude as to admit rays only to the central part of 
the chryslalline. It must necessarily be much smaller than the 
pupil, and would therefore afford very little light, or else allow no 

Eion in any direction at all oblique to the axis of the eye. 
Dr. Wollastoii has ingeniously imitated this part of the con- 
uction of the eye In his periscopic lenses, composed of two 
plano-convex ones, joined at their plane aides, with an intervening 
diaphragm pierced at ihe centre (Fig. 152.). They concentrate 
rays of very great obliquity with wonderful accurary. 

The rays collected at the back of the eye form what ia called in 
Iplica, an image of an external objeci, which is of course inverted 
|l€ that formed by a common convex lena. Thia image may be 
lilly seen in the eye of a dead animal, when the outer coata are 
iht away from the back of it. (See Fig. 153.) 

138. It will naturally occur to the reader, that an eye of an 
■variable form can produce the image above described, only of an 
ibject at one particular diatar)^ e from it, aa rays proceeding from 
■ point beyqiid that distance would converge within the eye, before 
aey met the retina, and the image of a nearer object would be 



' The magnitude of the pupil is regulated so as not to let in so much hght 
|| would hurt the eye, or confuse the refraction : for this reason it is more 
lotrarted, ceteris paribus, in looking at a near object than a distant one. 
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zuMwm mndbf oc 3bt c^e. TW crtflC AaAor of nature has, liow- 
K-. ace Wr: aci w :nL ic an^enect. Bv ntans of a certain mai- 

iaHOBihes at pleasure the 
of At eje is modified^ ao 
:t ian^cs of all objects^ betweei 
AM Abactlj objects at a dii- 
io fneat. ikM ^ rxn frxxaeSmf tnm Aitm, admitted through 
ibe pttpii* MBK be aa ail i«we y ■ ilklj and ¥rith equal fecilitj^ 
ocbcn pboe^ ac e^bc oc anae lacfaei tram them. 




IM. Feruttf «bo kave Wca acc a m w ed for some time to 
look ««rT BMacb at aear oby e c ts ^ a» m raafi^g^ or engra^ing^ are apt 
to becoie «ic«t-jieir4«. 



OdMTS acaia, s«cb » san^i»» «bo are in the constant habit of 
kwLn^ oat foe ganac at a dsftaoce. cannot aee a thing distinctly 
mkhin arm^-len^th ; ibej anf what is called long-sighted. 



Bodi the«e impeftVctiotis proceed frooa the same cause. The 
chrnstalline beinc almost constantlT used in one state becomes fix* 
<^ in it, and the muscles which serve to aaodi^ its form, lose their 
power tirom disease. 

Old age generally brings on lomg-sigktedjitess, which is com- 
monly corrected by the use of spetctade$ with coiicer lenses^ to assist t 
the eye in giving the necessary convergence to rays proceeding from 
a near object. 

In like manner, short-s^led persons use coitcure glasses^ to 
enable them to discern distant objects, as the eflfect of such glasses ' 
is to give additional divergency to incident rays. 

140. It is of consequence to a person of an imperfect sight to 
know the form or focal length of the lens best suited to assist his 
eye ; this is easily found : suppose a short-sighted man can see dis- 
tinctly only to the distance of £0 inches : he will be enabled to dis- 
cern a very distant object by the help of a lens, which will produce 
an image of such an object at the distance of 20 inches^ or which 
will make parallel rays diverge from a focus at 20 inches frt>m him, 
(supposing the glass placed close to the eye;) that is, a concave 
Un$ of 90 inches focal lengths 
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If the person we have been speaking of were to wear spectacles 
with concave glasses of 20 inches focus, he would be able to see 
distinctly any distant object. It does not, however, appear that 
they would not be inconvenient to him when he wished to look at a 
near object, one at the distance of 10 inches for example. 

Putting 10 for A^ and 20 for JF in the common formula. 



we find 






i. - L L - ^ - ^ 
^' "^ 20 10 " 20 " ei 



If therefore this person can see distinctly without a glass, an 
object at about 6 inches from his eye, he will find no inconvenience 
from his spectacles, provided he does not use them to look at any 
thing nearer than 10 inches. 

141. Let us see now how we can remedy the defect of vision 
in an aged person, who cannot discern an object within 24 inches 
from his eye. 

A double-convex lens of 24 inches focus will make such an 
object appear infinitely distant ; others within 24 inches will be re- 
moved to distances more or less considerable ; the nearest object 
distinctly discernible will be that having its image at 24 inches from 
the eye. Putting 24 for A'\ and — 24 for F, we find 

— = - — + J; .% A=:12. 
24 24 A' 

From this we collect, that spectacles with convex glasses of 24 
inches focus may be used for any object from 24 to 12 inches from 
the eye. Within the lesser of these distances the lenses are inef* 
ficient, and beyond the other, th« image Would be more than in- 
finitely distant, that is, the rays entering the eye would be made 
convergent, and consequently unfit for vision. 

142. There is a disease of the eye called the Cataract, 
in which the chrystalline lens losing its transparency, the patient 
becomes blind. The only cure known is to extract that part of the 

O 
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lucking, and allow its place to be fi 



eye by the opention called i 
by the aqueous bumour. 

In this case it is found that convex glasses are necessary to make 
the sight distinct, which shows iliat the refracting power of the 
chrystalline lens is stronger tlian that of the humour which is here 
substituted for it. 

143. It may be observed, that all persons requiring either con- 
cave or convex lenses to assist their sight, should always chuse 
those of the least refracting power that will answer the purpose, m 
the use of them tends to increase the defect they are intended 
to remedy, nanielyj a defect in the power of accommodating the eye 
to the perception of objects at different distances from il. 

144. The fact of images of external objects being produced 
by the eye, and serving as the medium of vision, has led to a great 
deal of discussion about the manner in which we lake cognizance 
of external objects by the help of the senses. Sir 1. Newton pub- 
lished in his Optics tlie following quei;:y, among others : 

"Do not the ravs of light in falling upon the bottom of the 
eye, excite vibrations in the tunica retina? which vibrations, being 
propagated along the solid fibres of the nerves into the brain, cause 
the sense of seeing." 

And again, 

" When a man in the dark presses either corner of his eye With hi) 
finger, and turns his eye away from his finger, he will see a circle 
of colours like those in a peacock's tail. Do not these colouri 
arise from such motions excited in the bottom of the eye by die 
pressure of the finger as at olher times are excited there by light 
for causing vision? And when a man by a stroke upon his eye seei 
a flash of light, are not the like motions excited in the retina by the 
stroke ?" 

We may give the above as a specimen of some of the mon 
sane speculations on this subject, with respect to which, as to many 
others connected with the reciprocal actions of mind and matter, 
the only knowledge at which the most profound philosophers have 

arrived, is, that like Socrates, liiej/ Iciioji- nothing. 




107 



' 145. We pass over Uie question which has enibarassed many: 
isbv external objects appear erect to the eye, whereas their images, 
t which it is supposed we judge of them, are inverted," People 
have debated this point very earnestly, and reasoned on it at great 
length, appearing to consider these images as something real that 
we could see or feel : the fact Js merely this, that in vision the rays 
of light are collected to different points on the relina, and that by the 
various sensations there produced by them, we are informed of the 
existence of objects without us, probably in a manner analogous to 
that in which we are made sensible of those or other objects, by 
sensations excited iu the organs of hearing. 

We judge of the relative places of visible objects by the relative 
places of their images in the bottom of the eye, and it is probable 
that experience teaches us to connect corresponding pbieuomeua 
in this as in many other cases, though it is not mentioned, we believe, 
in any account of persons having their sight suddenly restored, that 
ibey were at all at a loss as to the position of objects at first. 

(I Some writers have endeavoured to explain why the two images, 
Rned by our two eyes, do not excite in us the idea of two objects 
stead of one. We can only conjecture that the sensations excited 
in corresponding parts of 'the retinas are melted as it were into 
one, where the two optic nerves unite. Perhaps it is merely ex- 
perience that leads us to form a correct judgment, Cheselden in 
his Anatomy gives an account of a person who had one of bis eyes 
distorted by a blow, so that every object seamed liouble to him for 
some time, but by degrees he recovered his single vision, 6rst of 
IVmiliai* objects, and afterwards of all others, though the distortion 
always remained. Now in this case, the images could not be 
formed on corresponding parts of the r^tiiilis, and moreover, the 
same sensation seems, at different times, to give rise to double and 
to single vision, the only difference being dnc to habiu 

Persons who squint do not direct both eyes to the same object, 
yet their vision is single, and what is more remarkable, ibis defeol 
is sometimes acquired and sometimes cured, without double vision 
king experienced, 

: subject of sensations in the retina 
6 spot in the eye which is insensible. 



146. While we arc on 
may observe that there i; 




106 



namely, thst wbere tbe retina branches out from the optic oervt, 
Tliis ma; easily be obscned by placing tliree patches of white paper 
on a darii wall, at equal distances on the same horizontal line, and 
standing at about four or five times as far from the wall aa llie 
papers are from each other. If then one eye be closed, and the 
otber be directed lo one of the outside patches, the middle one will 
be quite invisible, though the other oae, HJiich h farther from ibe 
axis of the eye, is clearly perceptible. 

Dr. Young mukeii this experiment rather differentlj. He «ajs: 
" To And the pluce of the eutrance of the opUc nerve, T 6x two 
candles at ten inches distance, retire sixteen feet, and direct my eye 
to a point four or Ave feet to the left of the middle of ihe space 
between them: they are then lust in a confused spot of lightj but 
any inclination of the eye brings une or (he oilier of them into the 
field of view." 

147- It is undoubtedly experience alone that enables Qi to 
judge of the magnitudes and distances of objects by the si^t, 
though the precise manner in which this takes place has never yet 
been satisfactorily determined. 

All that the eye furnishes, in the tirst instance, is the anglCi 
plane or solid, subtended by an external object: if this were the 
only criterion aflforded, we should of course often imagine a small 
K object to be larger than another greatly exceeding it, if the former 

H were placed so much nearer the eye that it would mask the other, 

H if they were in the same line from the eye. Now we know perfectly 

H well, not only that children make constant mistakes of this nature, 

H but that men are likewise very often deceived, when placed in situ- 

^M ations in which they have not had previous experience to modify 

^1 their observaliouK. For instance, a native of this island placed for 

^M the first time of his life among the Alps, forms tlie most absurdly 

H incorrect notions of the distances and magnitudes of the parts of 

H those scenes, which are so much more extended than any to which 

H he has been accustomed. An easier illustration of this may be had 

^P by ascending any eminence much greater than those which one is 

H accustomed to look from. It is almost impossible to imagine that 

^^ die human beings one sees below are of the same size as one's self, 

LTIZ 
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148. The different means by which, according to Harris^ we 
re enabled to correct our observations of distances^ are 

(1) The change of conformation in the eye necessary for the 
distinct perception of objects at different distances, 

(2) The inclination of the axes of the two eyesy when directed 
to the same object* 

(3) The length ofthi^round plane, or the number of intervene- 
ing parts perceived in it. 

(4) The different appearances of known objects at different dis-^ 
tances, or the known magnitudes of their least visible 
parts. 

(5) Different degrees of brightness and change of colour. 

With regard to the two first of these, it is allowed on all hands 
[lat they can be available only for very short distances. Harris, in 
is concluding observation on them^ says: *' I think it is very ma- 
lifest that with both our eyes we can distinguish, pretty accurately, 
be places of objects that are not above 5 or 6 feet distance from 
s. And indeed it seems necessary that we should have something 
nlYnw ourselves^ or some means that never forsake us, whereby we 
light unerringly judge of distances so very near us : otherwise we 
light be frequently in danger of our lives, without perceiving it; 
s well as subject to perpetual mistakes^ concerning objects so near 
s within the reach of our arm." 

He had just observed as an illustration of this : '' If I advance 
rithin 4 or 5 feet of an image projected before a concave specu- 
im*, I can define its place very pVecisely ; and the image itself, 
lOugh much smaller than the object, will appear very perfect and 
ontinue still at the same place, as I advance nigher: but on my 
^treating farther back than, my first station^ I begin to be less 
ertain of its place^ and the mistake lies on supposing it farther 



* This is perhaps the be>t object that could be chosen for experiment, 
s it may be exhibited quite insulated, in a room where there i^ dust enough 
loating in the air to catch the condensed light. 
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from me tlita it redly is : my faculty of distinguisbnig Attn 

in tiiis case not being sufficient to overcome the prejudice ■ 
from the greater faintneas, and other imperfections of the image.^ 

Speaking of the third means of judging of distituce, he 
" An extent of ground lying before us, is itself properly an obj 
the visible length or magnitude of which, is the visible distance 
an object placed al the farther end of it. The same observatioB 
is also just Willi retipect to the side of a straight wall, or hedge, &c." 
This is particularly true when the extent 3f ground or wall, &c. ii 
divided into portions, of the magnitudes of which we can form a 
tolerably correct estimate ; but even this is of use only to a cerlHii 
extent; for if there were placed before a spectator an unbouiield 
straight line distinctly divided into feet, which would of course 
assist him extremely in judging of moderate distances, lie would 
lind that bevond u certain limit it would be impossible to couul tht 
divisions, and there could be collected but a very vague notion uf 
their number. A rod of 10 feet in length placed on the ground, in 
a line with the body, at 100 yards distance, subtends but an angle of 
nbuut 2 minutes of a degree, which is supposed to be the smalleil 
appreciable, so that an object sublending such an angle, is called, bj 
some writers on Optics, the mimmum visible. 

To show how uncertain our estimates of distance by the eye 
often are, Harris proceeds ; *' It is manifest from observation, al 
well as from the nature of the thing, that a given extent appeari 
longer, according as it contains a greater number of visible parti; 
and hence Iwo remote and equal distances may appear very un- 
equal, accordiiig to the different circumijtances of the interveniug 
parts, and the relative elevation of the spectator." " But witTiOut 
regarding the differences on this account, let the spectator have 
a given station or stand on even ground, and there will be maoy 
circumstances which may vary the apparent or visible distances. 
Thus a hedge having in it several grown trees, generally look) 
longer than a dipt hedge on the same extent of ground in the open 
Held." "A river at first looks not so broad, as after we have bad 
a side view of a bridge across it: and indeed a given extent of 
water does not appear so long as the same extent of land, it being 
more difficult to distinguish parts in the surface of the one than in 
that of the other." To this we may add, that in sailing an ^c 
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voema, when nothing is seen ^'nisi pontus et aer« the horizon • 
ippeara very much less distant than when there are lands or vessels 
Wk ^ew. 

We proceed to the fourth means, namely, the different appear- 
Mcef of known olgtets, or the known magnitudes of their least visible 
jfttrtim 

There is, perhaps, not a more common or a more convenient 
wiy of estimating the height of buildings at a distance, than com- 
ptring it with that of men or cattle standing near them; and 
mother has been used with nearly equal vase and probably greater 
accuracy, which is counting the courses of masonry in a wall, when 
they are of a known height, or which is still more certain, the num- 
ber of rows of bricks, when that is the material used. This, how- 
e?er, amounts to nothing more thau measuring an unknown mag- 
nitude by a known one, for the eye is not employed to determine 
the height of the man or horse standing by a building, or of the 
depth of a coursQ of bricks : these are taken for granted, and all 
that is required of the eye is to tell how many times the one mag- 
nitude is contained in the other. 

Different degrees of brightness, and different colours in known 
objectt cause a difference of apparent distances. 

It is well known that the farther an object is removed from the 
eye, cateris paribus^ the less distinctly it is visible, and the more 
its colour approaches to the natural blue of the air. We say 
ceteris paribus, because it is plain that in point of distinctness much 
must depend on the state of the weather in the case of known 
objects, and of those with whose external appearance we are not 
well acquainted, the apparent distance will depend very much on 
the brightness and distinct markings of the surface. In foggy 
weather all objects seem farther, and consequently larger than ordi- 
nary; a westerly landscape, in a clear morning with the sun upon 
it, seems nearer, than it does later in th^ day. 

'' From the several preceding observations," continues Harris, 
" it appears, that after joining together all the helps we can have^ 
our estimations of distances, beyond a certain limit, are gross and 
uncertain; and this limit also varies in different circumstances. 
And the more certain estimates we always make of near distances, 
seem^ as has been before observed, to prove that in these cases. 
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llie ideas are principally fonnefl from tiie motion of e 
otherwise ifac ditfereol colours and brigbuess of objects and 
the magnitudes of such as we bad not seen before would lea 
into perpetual mistakes.'' 

With respect to the relative brightnesses of- the same o 
placed at difftrent distances, it is to be observed Uiat thej w 
be exactly the same, if no light were stopped or dispersed i 
passage through the air; for supposing the aperture of the pupil I 
remain the same, the quantity of light entering through it 
inversely as ihe distance of the object from die eye, but th< 
of the picture on the retina over which that light is spread varies ia 
the same ratio*, so that this picture is, in all cases, equally en- 
lightened. 



CHAP. XV. 

OPTICAL INSTB IJMBNTS. 

The commou Lookitig-gltus, 

149- This instrument is not quite so simple as it seems al first 
sight. It consists of a plate of glass more or less thick, with t 
sheet of metal at tbe back of it. This metal, which is an amalgam 
of block-tin and mercury, fit!* tightly to the glass, and its surface 
being smooth aiul bright, reflects any light thrown on it. How- 
ever the rays have to pass through the glass on their passage to 
and from the speculum, and therefore suffer two refractions, nhich 
do not indeed atfect their general directions, if the surfaces of the 
glass be accurately parallel, but which have a tendency ta cause 
irregularity tu them. 

This will easily be seen from Fig. 154, which is purposely 
drawn on an exaggerated sc;Je. A BCD represents a portion of the 



* The object and the image subtend tbe same angle at the centre of the 
eye, and therefore the area of tbe image is to tbe visible area of tbe object, 
as the square of the distance from tbe centre of tbe eye to the retina, to 
tbe square of tbe distance of the object from the eye, in which proportion 
tbe rurally me invariable. 
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js, CD of the mirror (sections, of course, as usual), QR, QR' 
■ two rays of an oblique pencil, of which the former ia incideut 
Rhe glass at R, refracted to S, reflected to T, and refracted 
Bwards F; the other in like maimer. Now let QR, IT meet 
in s: the refractions at R and IT being equal, the effect on the 
whole is the same as if a rejection took place at a mirror parallel 
to CD, placed at s; in like mnnner QR', is as it were, reflected 
at s'. So far all is regular enough, but are s, s' equidistant from 
the mirror CD ? because if not, the case is not the simple one of a 
reflexion at Sj s', instead of one at S, S'. Now strictly speaking 
Ss, S'i' are not equal, for it will be seen by referring to p. 47, 
that there is an aberration iu these refractions, of the amount of 

. A . tan d"*, A being the thickness of the glass, and tn tJie 

ratio of refraction out of glass into air, which being less than unity, 
the aberration is negative, and as it increases with 0, the angle 
of incidence, / must be nearer the surface than s, and the rays 
will not diverge from q', as if reflected at a plane mirror at s, but 
will form a caustic to which q'T, q"T' will be tangents. Hence, 
the image of any object situated obliquely, with respect lo the 
mirror and the eye, will be more or less confused, besides being 
situated in a different place from that which it would occupy, in 
the case of a plane metallic speculum without glass. 

There is another irregularity attending these looking-glasses, 
which is easily perceived, when the incidence of the rays is oblique; 
it is an additional reflexion at the flrst surface of the glass. Indeed, 
when the obliquity is great, there may be observed a Neries of re- 
Sexions, at the two surfaces of the glass, each of the alternate ones 
attended with an emergence of part of the rays, as shown in 
Fig. 155, where QR represents a pencil of rays, partly reflected, 
and partly refracted at R ; the refracted rays are reflected at ^', and 
in part emerge at T, in part are reflected at T, and at -F, and 
meeting the upper surface again at X are divided, some escaping in 
rije direction Xx, some suft'ering another reflexion, and so on. 

When the image of a candle is seen in a common looking-glass, 
the following phcenomena may be observed, as the obliquity of the 
incidence is increased: at first one image is seen, then two, then 
Kveral in a row, apparentiv decreasing in magnitude and brightneBS 
P 
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as tlieit diiiUiice iinTeajes. At a certaiu poiut'lhe distances belwMtV 
these ini^eii uttaiu their mBximum, rlimiDiBb aud vaui^hj so that dwV 
images are all in a line with the eye, and there appears only one. I 
Past this point the atteodant images emerge on the opposite aide alM 
the principal one, and become more and more distinctly separate^fl 
till on the candle being placed in the plane of the giants, they di|fl 
appear altogether. I 

The aberration in the refraction appears to be the cause of lllfl 
latter phenomena : its effect is the same as if the different pendra 
which convey to the eye the appearances of the different imagen 
were reflected by plane mirrorSj at different distances. ' ■ 

The Concave Mirror. t 

150. This usually consists of a plano-convex lens of glass, sUvertd 1 
on the convex side, as represented tn Fig. 156, where BAb is, in 
foci, the mirror, the glass lens serving only to give it the requirM 
form. The first effect of this glass, is evidently to throw an objed 
at Q to g, making jiq = m . AQ (ihai is, lo increase its appari 
distance from the mirror about one half): then in order to find I 
place of the image of y, given by the metallic mirror, we have I 
equation 



+ P = : 



r A' =- 



But this is modified again by the glass which alters A' to — , 

that upon the whole, if we put ^ for the original distance of tl 
object from the mirror, (neglecting the thickness of the lens,) that 
the ultimate image is 



When the reflexion takes pUce obliquely, there is of courseH 
good deal of irregularity, but we cannot enter into the discussion • 
it at present. 

7'A« muUiptying Glass. 

151. This is a ptano-conveii lens, of which the convex side % 
ground into several plane faces, so as to form a collection of prisaMf 
" ; lo illustrate this, though not exactly in the 




'nranner as those commonly referred to in this Treatise, because the 
figure of the inatrumont in question is not one of revolution, though 
something of the same general appearance. 

AB, BC, CD, DE, EF represent plane surfaces, which refract 
the rays falling on them and produce several images y, g', q". 
9.> ?..■■•■ ^I>us to appearance multiplying the object Q, whence 
the name. 

The Reflecting Goniometer. Fig. 158. 

15S. Tlie purpose of this instrument, is to measure the inclina- 
tion of two planes of a crystal, by bringing them successively into 
the same position, which is known by their reflecting the light from 
B given object in the same direction, and observing the number of 
degrees through which the crystal has been turned. 

»The manner in which this is effected is as follows. 
To the stem of the instrument LKM is affixed an index KC, 
carrying a small graduated arc C, placed in contact with the rim (also 
graduated) of the circle J, which turns round an axis running 
through the stem at K, by means of the handle B. Through this 
handle and axis, passes a lesser or interior axis DE, turning in- 
dependently by means of the handle D, and carrying at the extremity 
E an apparatus furnished vvith several joints, by which the point H 
at which the crystal to be examined is fixed can be presented in 
any position. The crystal being then secured at H is so placed that 
both the planes, of which the mutual inclination is to be measured, 
may be parallel to the axes of the instrument, so that by turning 
either of the handles B, D, they may be brought successively into 
the same position as above-mentioned. 

The obsei-ver, then, placing the instrument as shewn in the 
figure, with the edge of the circle tin-ned towards him, lurus the 
interior axis DE, till he can see any given object, as the bar of 
a window, reflected on one of the planes. Then having noted how 
many degrees the index C marks on the edge of the circle, which 
if he pleases he may turn so as to bring the zero point to C, he has 
only to keep his eye unmoved, and turn the larger handle B till he 
the same object reflected in the second plane, and count the 
marked on the circle. 
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Hadlci/'s Sextant. 

153. The principle of iliis iiistruineutis, that K-heii a ray or pencil 
of rays is reflected successively by two plane mirrors, inclined to each 
other, the angle between the former and loiter directions of the tight, 
is double of the angle of inclination of the mirrors, (p. 5.) The 
manner in Miiicli this is applied is as follows, ABC (Fig. 159.) i> 
an instrument in form of a sector of a lircle; jiD a moveable radius, 
carrjiiig a mirror at the centre A. This is placed in suib a position, 
that a pencil of light from S, may be reHecled at A, and again at E, 
where there is a mirror fixed on the limb of the instrument, so thai 
it may pass along the axis of the tube F, which is directed to aome 
determined object, or to the horizon. This is managed in practice, 
by having the glass at .E silvered on the part next to the instrutneiit, 
and the other part transparent, so that the one object may lie seen 
through the plain glasa, and the retlexion of the other in the mirror- 



When the two mirrors are parallel, of course the first and last 
rays are parallel, and the image of a distant object appears jtisi 
where the object itself does. The position of the moveable rudiun. 
with regard to the arc or limb of the instrument, is marked in that 
particular case ; and when this radius in moved so as to bring the 
image of another object to touch tlie former, their angular distance 
is found, from its being twice the an^le of the mirror, that is, twice 
the angle through which the radius has moved, which angle is mei- 
sured by the portion of the limb it has swept over. 

The limb is graduated, so that the zero point answers to that 
position of the radius, which makes the image of an object cover it, 
and half degrees of the arc of the instrument are counted as degrees; 
so that the angle between two objects is found at once, by observmg ' 
the number of degrees marked on the limb, when they are brought 
into apparent contact. 

The plane mirrors on this instrument are sometimes supplied 
with advantage by two prisms, which are placed so as to produce 
a total reflexion of the light. Fig. 160, represents a sextant invented 
by Professor Auiici of Modena, which is described in the Cor- 
respondaiice Astronornique du Baron de Zach. 
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The Kaleidoscope. 

154. The curious images seen in this amusing loy, are prnduced 
oj two glass mirrors placed so as to touch along one edge, and to form, 
bj Iheir inclination, an angle which is some submultiple of two right 
angles. The eje is placed as in Fig. 16 1, and the object is generally 
a collection of bright glass beads and fragments, inclosed between 
two disks of glass, at the other end of. the instrument. The glass 
mirrors are smoked, or covered with some rongli black suli'slance 
on the back, to prevent reflexion at the second surface. 

Tlie formation of the i:nages will be easily nnderstood from 
Fig, If)2, where AO, BO, are the mirrors, inclined at an angle of 
60 degrees. The figure a, placed between them, is reflected at each 
so as to occupy.in inverted positions, the two sections ^OF, BOC. 
These images are again reflected at BO, AO, and form other images 
in COD, FOE, which, in this case, conspire to form by another 
pair of reflections another image in EOD which completes the 

le. 
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The Camera Lucida, Fifi". lfi3. 



155. This prelly little instrument invented by Dr. VVollaslon, and 
which is uf great assistance in drawing from nature, consists mainly 
of a glass prism, the section of which, represented in Fig. 164, is a 
trapezium, having one right angle (B), and an angle of ISS" oppo- 
site to it at jD. It will easily be seen that any ray of light entering 
the prism perpendicularly to iht face CD, and therefore nnrefracted, 
will be reflected by the faces CB, BA, so as to emerge per- 
pendicularly through AD, and therefore appear to come from under 
the prisui. The coiiser|uence of this is, that if the instrument be 
turned towards a disiiiut object, ihe rays proceeding from it,' 
emerging after the reflexion near A, will appear to form an image 
of the object on a paper placed under the prism, where it may be 
traced out with a pencil. 



There are sometimes attached to this instrument, a concave lens, 
which may be placed in front of CD, and a convex one which is 
' placed under the point A, by means of which the apparent distances 
of the paper and the image may be equalized, so that both may 
be seen distinctly at the same time, the concave lens briuging the 
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imsgc lo Uie piper, or the convex thruwing the paper 
accurding ai the siglil of the persoD, using the iiistruinent, 
or long. 

The Camera Ob$cwra. 

156. Ill this instrument an image of a distant object, either 
tlutionary, or moving, id produced by means of a convex teas, plane 
mirrors being added either to reflect the rays to the lens, or to throw 
the image in any required direction, so as to fall on a sheet, orothei 
ohject placed for its reception. 

In Fig. 16,5> which represents the camera obscura shown 
by the Plnmian Professor, in his Experimental Lectures, A a 
the lens; HD the plane mirror placed at half a right angle to 
its axis, so as to throw the refracted rays from the horizontal 
direction iitio the verticnl one ; CD is a plate of ground glass, (o 
receive the image on its under side ; EF is a lid with a curtain 
attached to it, which the spectator puis over his head, to exclude 
nil extraneous light. 

rig, 166, represents another form of this instrument. Here Ihe 
lens A is horizontal, and the externul rays are directed through it by 
\\\v mirror B placed, as before, at an angle of 45 degrees to ils aiii. 
The image is received on a surface C, which is curved so as In Jit 
it, and viewed through an aperture at D. 

The effect of the camera obscura may be produced without a 
lens, merely by admitting light through a small aperture in a shutter 
into a darkened room, for the rays from each point of an eslenill 
object being allowed to illuminate only a very small surface, will 
produce a tolerably distinct image without being made to converge, 
provided this image be received on a white surface, placed near 
the hole in ihr shutter. (See Fig. 167.) 

The Magic Lantern. Fig. l68. 

157- Here a convex lens A produces a distant, and therefore 
magnifieil iniiige C of a near transparent object B, which is strongly 
enlightened by a lamp D placed behind it ; u concave mirror £ is 
generally put behind the lamp to throw as much of the light as pos- 
sible un the objerl, which is some group of figures painted on a 



Blide, and is inverted so thai the image may be cut in an 
erecl position, on a wall or a white sheet, placed at the proper 
distance. 

Id makiag this instrument it is to be observed, tliat the place of 
the slide must be farther from the lens than its principal focus, else 

t image would be thrown to an infinite distance, that is, there 
Id be none formed. 



Tke Phantasmagoria. Fig. 169. 



158. This is merely a magiclautern, in which the figures on ihe 
■stead of being painted on the glass, are left transparent, or 
slightly tinted, all the rest of the glass being darkened. There is 
also a contrivance by which the distance of the lens from the slide 
is altered, when the place of the machine is changed, so as to keep 
the image on the fixed screen, which in this case is placed between 
the lanteni and the spectator, and made in some degree transpa- 
rent. The variation in the distance of the image from the lens, 
and therefore in its magnitude, is meant to give it the appearance 
of advancing and retiring. The deception in this, however, is in- 
complete, unless the brightness of the image be made to increase, 
iostead of diminishing, as it increases in size : this may be effected 
by modifying the quantity of light thrown on the slide. 



1 The Simple Microscope. 

'^ 139. When a very small object is lo be examined, the first ex- 
pedient that occurs, is to put it as near one's eye as is conveniently 
possible, because the angle it subtends at the centre of the eye 
being thus increased, it so far appears larger. There is, however, 
a limit to this, though some persons, particularly those who are 
short-sighted, can avail themselves of it lo a greater extent than 
others. The cause of the limitation is, as the student will remem- 
ber, that when au object is placed loo near the eye, the extreme 
rays of any pencil admitted by the pupil are not refracted to the 
focus on the retina, and the vision becomes indistinct. 

This evil may be remedied, in the first place, by supplying the 
fault of the pupil, that is, by stopping the extreme rays, and 
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admitting the others through a small aperture in a plate of some 
opaque substance. This accordii^ly is found to answer pretty 
well in some cases^ but only where there is a good deal of light 
proceeding from the object. 

In order to explain this more completely and^correctly, we will 

suppose PQiZ^ Fig. 1 70, to be a small object^ ^ of an .inch long, 

for instance^ which is to be examined by a person who cannot see 
distinctly any thing nearer to his eye than 6 inches. It is plain 
that the greatest angle the object can subtend at his eye, is that of 

which the tangent is , or . 

^ 6x20 120 

Now let il be a convex lens of half an inch principal focal 
length, placed at a quarter of an inch from the eye O^ and let AQi 

12 . . I 

be — , and consequently, Aq the distance of the image^ 12 inches, 
25 

. , . ^9 T»T^ 1 • 25 1 25 , . 

Its length or = -r-r . rRy that is, 12 . — . — , or — : that is, an 
^ ^ AQL 12 20' 20 

inch and a quarter. 

The angle it subtends at the eye has for its tangent this length 

. . , 49 . . 

divided by the distance Oj, which is 12^, or — ; it is, therefore, 

25 4 1 , 

— . — , or - nearly. 
20 49 8 -^ 

The apparent lengths with the naked eye, and with the lens, are 

therefore, as -«— and - , or as 8 and 120, of which numbers the 

latter being fifteen times the former, the object is said to be mag- 
nified in length fifteen times. 

In order to generalize this, let c be the nearest distance for 
correct vision, 

and let k = OA, the distance of the eye from jhe lens, 
A = Ad, 
F= AF, 

5 = Aij. 
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Then since S = = , the linear magnitudes of the object and 

image are as A : S, that is, as 1^— A : F.^ 

The angular magnitudes^ that is, the angles subtended by the 

F—A F 
object and image at O, are as r : •= — j , but the fairer way of 

stating the matter is to compare the angular magnitudes of the ob- 
ject at the distance c and the image at the distance S + k: these are 
as 

F-A F 

. ______ 

c S-hk * 

and the magnifying powder of the lens is 

F c 

S + k'F-A' 

This of course is increased by diminishing k. If we make this 
= by placing the eye close to the lens^ the magnifying power 
becomes 

F c c 

and is inversely as the distance AQ, which may consequently be- 
diminished with advantage, as long as Aq is left greater than c. 

cF , , 

The limiting value of AQ is easily found to be -, which gives 

for the extreme magnifying power 

c + F c 

-ir^'''F+' ' 

The greatest angle under which the image of a line of the length 
a can be viewed is 

c + F fl I) 

-^a,ora|~+^j. 



* When the object is at the focus, and the image infiDitely distant, the 

c 
magnifying power is ^ , one less than this. 

Q 
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It appears from the two last observations^ that a long-sighted 
person derives most advantage from a simple microscope, but that a 
short sight enables one to view a minute object more closely, and 
to use a greater magnifying power with a given microscope. 

It need hardly be said, that the shorter the focal length of a lens, 
or the greater its power , (see p. 68.) the more it will magnify. 

When a very great power is required, it is not uncommon to 
use a minute spherule of glass, of water, or of colourless varnish^ 
stuck in a needle-hole in a plate of metal, which should be "ground 
hollow on both sides, so as to be as thin as possible, where the 
aperture is made. The distance of the principal focus of a sphere 
from its surface being only half the radius, the magnifying power 
of such an ;^)paratus is very great*. 

The following Table, abridged in part from the Encyclopedia 
Britannicay gives the magnifying power of small convex lenses or 
spherules, supposing the least distance of distinct vision to be 7 
inched, and the object Xojbe placed (l) at the focus, (2) at the least 
distance for distinct vision. 



* The smallest, and therefore the most powerfully magnifying spherules 
ever made, were some that Di Torre, of Naples, sent to the Royal Society. 
One of tbem was only jL tb of an inch in diameter, and was said to magnify 
2560 times ; but Mr. Baker, to whom they were given fpr examination, could 
not make any use of them, though he very nearly destroyed his eye-sight in 
the attempt. 
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Focal length 

in terms of 

an inch. 


No. of tin 

len^of 

18 mac 

(1) 


les that the 
the object 
milled. 

( (2) 


No. of times that 

the surface is 

magnified. 

(I) 1 • (2) 


1 


7. 


8. 


49 


64 


(i) .75 


9.33 


10.33 


87 


' 107 


ii) .50 


14. 


15. 


196 


225 


.40 


17.50 


18.50 


306 


342 


.30 


23.33 


24.33 


544 


592 


.20 


35. 


36. 


1225 


1296 


.15 


46.66 


47.^6 


2181 


2276 


.10 


70. 


71. 


4900 


5401 


.05 


140. 


141. 


19600 


19881 


.03 


233.33 


234.33 


54289 


54912 


.02 


350. 


351. 


122500 


123201 


.01 


700. 


701. 


490000 


491401 



The next Table is for a person whose least distance of correct 
sion is 5 inches. 



Focal length 

in terms of 

au inch. 


No. of times that 

the length 

is magnified. 


No. of times that 

the surface is 

magnified. 


1 


5 


6 


25 


36 . 


.75 


6.67 


7.67 


44 


58 


.50 


10.00 


11.00 


100 


121 


.40 


12,50 


13.50 


156 


195 


.30 


16.67 


17.67 


278 


312^ 


.20 


25.60 


26.00 


625 


676 


.15 


33.33 


34.33 


nil 


1179 


.10 


50.00 


51.00 


2500 


2601 


.05 


100.00 


101.00 


10000 


10201 


.03 


166.67 


167.67 


27779 


28110 


.02 


250.00 


251.00 


62500 


62901 


.01 


500.00 


501.00 


250000 


251001 
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SomMifues initead of one single strong leim, two or i 



The advantage gained bj 
n the spherical form of ibe 



used, having together the same powt 
this is, that the aberration arising i 
glasses is lessened. 

As for the rest, whether these lenses be |j1uced close together, 
or at some distance, they may be e<jually considered as coustitutlng 
one single refracting instrument. 

The Compound Microscope. Fig. 171. 

160. In this inslrumeiil, a double magnification takes place, 
for an enlarged real iina^e of the object is produced by means of 
a convex lens, (called an object glass,) and this image is viewed 
through another lens, the et/e glass, in the same maimer aa an object 
is with a simple microscope. 

In order to find the magnifying power, we will suppose the first 
image '/ to be at the least possible distance from the second lens B, 
and we will represent the focal length of the first lens by F, thai 
of the second by F, and the distance between ihem by b. 



Then the image q is greater thim the object ( 
Aq : AQ, that is, of b-^r + F: F*. 

The final image is greater than this would be, 
the least distance of c< 
posing q to be as near as possible. 

On the whole then, the magnifying power i 




k the ratio of 



G+0- 



The final image is inverted with respect to the object, 
be seen by the figure. 
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Kuwi's reflecting Microscope. Pig. 172. 

. Ill ihe is"" volume of the Transactions of llie Italian 
Hety, there is a Memoir giving a detailed account of a catopErical 
microscope, invented by Professor j^mici, of ModenaV 

At one end J of a tube 1 2 inches long, and I ^ in diameter, is 
placed a concave inetalfie speculum of a spheroidal form, having 
ts foci Q, y, at the distances 2 ^ and 12 inches, respectively. The 
ibject to be examined is placed on a little shelf C projecting from 
he stand, half an inch below the tube, and reduced to the nearer 
ocus Q by a plane mirror F, placed at half a right angle to the axis 
if the speculum, at the distance of 1^ inch from it. The image, 
brmed in the farther focus tj, is viewed through a lens B, which 
nay be changed at pleasure, so as to increase or diminish the 
nagntfying power, the object remaining unmoved, which gives this 
nstrument a great advantage, in point of convenience, over the 
:ommon compound -refracting microscope. 

In order to make the object sufficiently bright, there are attached 
o the instrument two concave mirrors D, E, one of 3 inches diameter, 
ind 2-^ focus, at the foot of the stand, and the other directly over 
he object, having an aperture in the centre like that in the tube, 
o admit llie rays to the plane mirror. 

This instrument has a magnifying power of near a million, and 
8 found extremely convenient from the horizontal position of the 
xA>e, which enables the observer to examine an object more at his 
^ase^ and for a longer time, than when stooping over a microscope 
jf the common construction. 

The Professor has contrived, by a very ingenious arrangement, 
;o convert his instrument into a species of camera lucida, which 
enables him to draw any object on a maguified scale. 

Dr. Smith's Reflecting MicToscope. Fig. 173. 

162. Here the office of the object-glass is executed by a pair 
mirrors A, B, the former concave, the latter convex, having aper- 
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' I'bis account is borrowed from the Edinburgh Philosophical Journal, 



^11. 
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s pierced through their centres tu give a passive to tfa 
By this means, a smiill object being pluced at Q, a tirsi r 
at A would produce an image at g, which being farther ffoiai 
centre of the surface, would be larger than the objecli 
second reflexion at the surface li sends back the light wti 
proceeding to form this, and thus throws the image to jj, 
farther magnified; there an eye glastf D receives the rays, and b 
mils them with the proper divergence for distinct vision. 

A small screen is placed at C to prevent the rays from c 
directly from the object to the lens. 

The Solar Microscope. Pig. 174. 

163. This is merely a sort of magic lantern, in which the 
of the Suiij reflected by two plane mirroft A, B, and condensed 
by lenses C, D, is thrown on a minute transparent object E, (rf , 
which a magnified image is formed by means of a lens /■'. 

In the figure, the object to be exhibited is placed near the 
focus of the first combination of lenses, so as to be entirely 
lightened by the rays coming through them, aud uot to be 
which would be the case, were it esactly at the focus. 

The Heliostat. Fig. 175. 

164. This instrument consists of a plane mirror M, mOveaUc 
about a horizontal axis AA and a vertieal one CP, which is made 
to revolve by clock-work about an axis parallel to that of the heaveiu, 
so as to reflect the Sun's light conslauLiy in 9ne same directMl), 
during the course of the day. 

DR is the hand of the clock, connected with the mirror by 
means of tlie apparatus F into which is inserted the rod QM. 

It is found very useful in many optical experiments where » 
small pencil of solar light admitted into a daiicened roonij is to be 
subjected to reflexion, refraction, dispersion, &c. 

It is a very convenient appendage to the solar microscope^ 
which is the reason of its description being inserted here,. 

The Astronomical Telescope. Pig;. 176. 

165. Generally speaking, the Telescope is in construction 
analogous to the compoimd microscope: the only difference is, that 
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latter instrument is used to examine an object placed near it, 
pftich 18 not distinctly visible, on account of its minuteness, whereas 
pBe former is calculated to assist the eye in viewing objects, which 
feok small or indistinct, only on account of their distance. 

The telescope substitutes for a distant object an image at any 
ciistance required, which subtends at the eye a much larger angle 
Shan the object, and from which more light proceeds, than the eye 
could receive from that object. The manner in which this is effected 
in this instance, is as follows. 

By means of a convex lens A, called the object glass, there is 
produced an inverted image PFR of a distant object, which image 
is, of course^ at jP the principal focus of the glass, and has collected 
OD it nearly all the light which, proceeding from the object, falls 
on the surface of the object glass. 

This image is viewed and magnified by means of an eye glass By 
another, convex lens, which is placed so that the image jP is at its 
focus y^. or a little within it, in which latter case, a second image pqr 
(though, not a real one,) is produced at the most convenient distance 
for correct vision. 

It is evident then, that if the eye glass J3 be a powerful lens, 
which it always is in practice, the angle p£r which the final image 
subtends at the eye, placed close to the eye glass, is much larger 
than PARy of P^AR^ that subtended at A by the object, and it 
is brighter, for the eye receives in the one case all the light which 
fffills on the object glass, in the other^ only as much of that coming 
from the object as can pass through the pupil of the eye. 

166. If the foci Fyf of the two lenses coincide, since the angles 

RBPy RAPy are inversely as BF, jiF^ the magnifying power of 

AF F . 
this instrument is expressed by ^r,^ or — ^ if F, F represent the 

focal lengths of the object and eye glass. If the final image be 

brought to the nearest distance of distinct vision (c), it is greater in 

c c 

the proportion of -^ + I to ^ , (see compound microscope,) and 

therefore its value is 

F 



Ki^ + O- 
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It ^ppenra from this, that to make a telescope of great 
itifying power, the object glass should be of considerable 
length or small power, and the eye glass, on the contrary,, 
powerful ', 

In consequence, before the discovery of reflecting lelesca| 
and acliromatic combinations of lenses, astronomers were obl^d 
use instruments of so great a length as to be hardly manageablt 
an ingenious mechanic, named Hartsocker, divided the object glwi 
from the eye piece, tixing the former with its frame on the roofd| 
a house, or on a high pole. Hnyghens, improving upon Hartsockei' 
plans, made use of the apparatus represented in Fig. 177. 

When merely common lenses are used in this telescope, the 
eye glass is limited in power by the necessary confusion in the fint 
image from the aberrations, which become very sensible when tbal 
image is much magnified, particularly those arising from the unequal 
refraction of the light. 

For this reason, all good telescopes of this kind are made will 
an achromatic compound lens for an object glass, and instead of 
single eye glass, we also find an eye piece composed of two or three 
lenses, also achromatic. 

The spherical aberration may be lessened, preserving the mug- 
nifyiiig power, by using a weak object glass, assisted by another, 
called a. Jield-glass, as in Fig. 178. 

1j67- The field of_ view of a telescope is the lateral extent of 
prospect it atfords in one position, the greater or less portion of the 
heavens it makes visible at once. To determine this we have onlf 
to find the extreme direction in which a ray can pass from one lent 
through the other: for this we must join the corresponding estreou- 
ties of the object and eye glass. Fig. 179; the lines Mm, Nn will 
thus bound the visible image rqp, and the field of view is measured 
he the angle rAp\. 



* The brightness of the image varies as the surface or aprrtiire of the 
object glass directly, and as the magnitude of the image, (that is, us the fi)cal 
length,) inversely. On this account, the lens should he large in proportion 
to its focal length, which it may safely, to a certain extent, which is deter- 
mined' by the abe'rafiotis becoming sensible. 

t This is nearly equal to the angle subtended by the object-gluss at the 
eye-glass, which is the common measure of the field of v* 
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In point of fact, the field of view is not so large as represenUnl 
here, for die point p receives but one single ray that can full ou the 
eye glass, and therefore will not be visible. 

If the opposite extremities of the glasses be joined by lines 
Muf Nm^ they will bound a part of the image tqs, whicli transmits 
all its light. 

It will be seen from the figure, that the eye must be placed at 
a little distance from the eye glass to receive the rays proceeding 
from die extreme verge of the field of view. 

168. The image is inverted as in the compound microi^ropc. It 
may be set upright by an additional pair of lenses C, D, (Fig. 180), 
which are placed so as to have a common focus, and, usually, have 
no effect on the magnifying power. 

This construction is used in what arifCtilkd Hay I'elttrnpiw^ 
which are chiefly employed for viewing distant terrestrial obj<»clN; 
for observations on the heavenly bodies, the additional glusNitN arc 
dispensed with, in order to save the light that is lost l>y tin* Cwn 
additional refractions. 

The lenses in the figures are drawn of their full diamctri, hut 
in practice it is usual to limit their apertures in order to (liiniiiiNli 
the aberrations, (see Fig. 181). In this case we must rouMidrr the 
lenses as extending no farther than these apertur<>N. 

169. In telescopes to be used for astronomical obHiTvulions it \h 
usual to put a net-work of fine wire or somotinies of spider'M wvb 
at die focus of the object glass, in order to (ieterininc; tlio prc'cisn 
position of a star as it passes by them. This appunttiis is cnllt^d 
a Micrometer J and its simplest form is represented in FiK* 1^^* 
having five parallel wires dividing the diameter of a rircular tlia" 
phragm into equal parts, and a sixth bisecting them all pr.rpendi* 
cularly. 

Another kind of wire micrometer represented in Fig. 183, con- 
sists of two parallel wires, ab, cd, the one (cd) fixed, and the other 
moveable by means of a fine screw, with a third ef, perpendicular 
to them. This is used for measuring the apparent diameters of the 
heavenly bodies. 

R 
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lyo, lliere is anoUier kind of micKinieter, which maj as wd! 
be described ti«re while we are on tite subject: it is called the 
divided object glais mtcromeler, and is, in fact, an object glass divided 
into two by a plane passing through its axis, and of which the two 
parts, when placed with their ceatrea not coinciding, act as t«0 
separate lenses, (Figs. 184, and 185.) The use of this construction 
is to make the images of two stars, not far distant from each other, 
coincide on the axis of tlie telescope, and to determine their angular 
distance by observing how much the centres of the liatf lenses have 
been displaced, by graduated scales on llie edges. 

Sometimes the eye glass of a telescope is divided in this manner 
instead of the object glass, and this is thought by many persons > 
preferable arrangement. 

Galii^'* Telescope. Fig-. 186. 

170. !■> t))is ihr rays refracted thraugh the object glass, and 
proceeding to form an image at its focus, as in the Astronomical 
Telescope, are stopped by a concave lens, which, if it have a common 
focus with the object glass, makes them emerge parallel, orif placed 
nearer, gives them any degree of divergency suited lo the eye. 

By this means the first image is made imaginary, and the 
second, likewise imaginary, is thrown on the opposite side of the 
eye glass, and is therefore erect. 

This is the principle of the opera glass, which has the advan- 
tage of being much shorter than the astronomical telescope, in 
which the eye glass is beyond the first image, besides representing 
objects in their natural erect position. 

This was the first telescope invented. 

_, The magnifying power, which in this instrument is commonly 

very low, is represented as before by the fraction 7^ . 

This telescope might be used as a microscope, but it would 
require to be lengthened, as the first image would be thrown farther 
from the object glass than its principal focus ; the magnifyii^ 
power would in this case be increased. 
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The field of view is here found by joining, the opposite extrenii- 
of the ghuues by the lines Mn,- Nm, (Fig. 1870 >vhich mark 
on die first image the extreme points p, r, to which a ray belonging 
[ can fall on the eye glass. The angle rAp thus measures the 
field of view^ which is much larger than in the astronomical tele- 
scope. The lines Mm, Nn define the bright part of the field. 

Dr. Herschel's Telescope. Fig. 188. 

171 • The construction of this instrument is better seen in 
Fig. 189- where A represents a concave metallic speculum giving 
an image of a distant object at its focus q, where it is viewed 
through an eye glass B, 

In practice^ the image is thrown to one side as in Fig. 190. as 
otherwise the head of the observer would intercept the best part 
of the incident light. 

The magnifying power is plainly ^ , f being the focal /length 

of the speculum, and F^ that of the eye glass. Dr. Herschel has 
constructed telescopes of this kind that magnify several thousand 
times% but he" generally used powers of only 500 or 6OO which 
gave more brightness to the image. 

The visible part of the image is bounded by the lines Mm^ Nn, 
determining the points r^ p, from which, single rays are sent to the 
eye glass. The field of view is measured by the angle rEp, which is 
nearly the apparent magnitude of the eye glass seen from the spe- 
culuniy and is of course very small, for which reason there is often 
attached to telescopes of this kind a small refracting one^ of low 
magnifying power but considerable field., which has its axis parallel 
to that of the other, and is called a finder, as it serves to direct the 
large telescope to any desired point, as a particular star. 

172. Reflecting telescopes in general have these advantages 
over refractors: 

They are almost entirely free from chromatic aberration, being. 
subject only to that of the eye glass^ which is very inconsiderable. 



♦ His great telescope is 39 feet 4 inches in length', 4 feet in diameter, 
and magnifies 60OO timss. 
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The; ore sliortcr, caUris paribus, for tlie focal length of a cob^ 
cnvc ^pfculuiii is only half ils radius, whereas that of a gUtB kai 
with equal surfaces is the whole radius. 

Thej' give brighter images, for there is less light lost in tbeir re- 
flexions, than in the refraction through an object glass. 

Notwithstanding this, they are not so much used, because thej 
ai'G Ie«K manugenble from their weight, more e.\pensive, more apt 
to gel out uf order, and more tronblesxime to use with aoy mce^, 
aa the least shaking of the instrnment or its stand causes great con- 
Ijliiuil in the image, which is not (he case in refracting telescopes. 

Sir Isaac Newtom*s Telescope. Fig. igi. 

lyS, This differs from Dr. Herschel's only in having a plane 
mirror C placed at an angle of 45° to the axis, which throws tlie 
image q to the side of the instrument q', where the eye glass B it 
placed. Newton sometimes used a rectangular prism of glass for a 
plane retlector. 

The magnifying power is of course the same as in Herschel's 
telescope, as is likewise the field of view, provided the plane re- 
Hector be large enough to convey all the rays to the eye glass. 

The Gregorian Telescope. Fig. 192. 

174. In this the image formed, as in the last two instruments, 
at the focus q of a concave ypecuhim A, is reflected by a secotid 
small concave mirror B having its (ocuaj' a. little beyond q, so thai 
there is a second image at q\ which is erect, and is viewed through 
an eye-piece fixed in an aperture in the centre of the principal 
speculum. 

This appears at first sight to be a very disadvantageous con- 
struction, as the central rays are all stooped by the smaller mirror, 
and the best part of the great speculum is lost. It is, however, to 
be observed, that the small reflector is usually of very confined 
dimensions, and when the object speculum is well ground, it is 
found that the lateral rays converge quite sufiiciently well to make 
a distinct image. 

To find ihe magnifying power, we must compare the angle 
lublended by the second image at the eye glass with that of the 
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t>bject oi^ first image at the ceutre of the great mirror : but siuce 
the focal length of the mirror is half its radius, this is the same 
thing as the angle of the first image Seen from the mirror. The 
magnifying power may then be measured by 

p'q, -^y , . , ^q Aq 
'^-^. /,, that IS, by -^,-r^. 
pq Aq eq Lq 

In order to exhibit this more conveniently, we will put/yf\ F 
for the focal lengths of the great and small mirror and the lens re- 
spectively, / for the distance of the mirrors, which is about the 
length of the telescope. 

Then if eqssq^ eq^q\ since 

1 q f" 
H \ q _ q +/ 

I — or I - = -;— . 

\4-q / q j 

Cq' is the focal length of the leiis, F. Aq'a nearly equal to 
Af or l—f, and eq' about the same thing as eA or l — 9.f*, so 
that the magnifying power is nearly 

^ l-f l-f (l-f)" 

To determine the field of view in this telescope we must join 
the corresponding extremities of the eye, glass and the small re- 
flector; this will mark the extreme points of the second image^ 
and the angle subtended by it at the eye glass, divided by the mag- 
nifying power^ will show the extent of view taken in at once by the 
instrument. 

This telescope, which was the first reflecting one invented, is 
found in practice very preferable to Newton's, and in general to 
Dr. HerscheFs, whose construction is fit only for a very large in- 
strument. In the first place it is more convenient than either, as 
the observer has the object in view before him, and can easily direct 
the instrument to it ; but it has one more solid advantage which is 
this : the metallic specula never can be worked perfectly true, so 
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176. Dr. Brewster, m the Edbibiir*li QMrteriy Jo 
October, laSZ, aiggata k uauliuuiaa fbc s n^ecOHg 1 
iiiiMlhiin ftc dnt of Sir Isaac Nncton. He prop owj 1 
,aUMe for Im pfaoe minar, or r rfcctt^ P™™t u acbranialic 
pak of priHB» wbcb akaold divert the in^e in an obBqne direclion 1 
Unranfa oae »de of tbe bstmiDeat where tlie eve gl^ shoal 
4>lajced so as to tiew it directlt, (Tig. IQi). 

He also sog^esu the idea of (bridiag ihe cometging 
among three or foar sacfa prisms ahich should conrev innge 
different parts of the iostroment where tfaev m^t be newed] 
once by several aififerent observers. 

Mr. Airey of Trinity College has invented a aew reflecli 
irltscope, in which lenses, silvered un one side, are substituted ) 



• The aberratinn in the first reflection is from the rsnire. in 
IvwarJd il, and both th« rentres lie on Oie same suJe of the foci. 



tfaes< 
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^tallic mirrors so ^s to combine reflection and refraction. We 
Bj^erstand be has been able to give great perfection to his in- 
prument by calculating the forms of the lenses so as to correct all 
ie aberrations. 



CHAP. X. 

I 
OPTICAL PHiENOMENA. 



177* The simplest of these appearances are caused by the 
refraction which the solar light undergoes in passing througli the 
atmosphere. 

When a ray of light enters successively several media of differ- 
ent densities it suffers a refraction greater or less at each surface, 
as represented in flgs. 19^^ and 196. 

It is evident that the greater the number of media and the less 
dieir individual thickness^ the more continuous is the course of the 
light, and that if the number be infinite and thickness of each 
evanescent, this course must be a curve. 

Now this is just the case witli the atmosphere; for the air 
being an elastic fluid, is compressed and condensed by its own 
weight, so that its density increases continually from its extreme 
bounds to the surface of the earth ; and, in consequence of this, all 
distant objects, whether celestial or terrestrial, except those imme- 
diately over-head, are seen by curved rays, and consequently referred 
by the spectator to places which they do not really occupy. 

This is represented on an exaggerated scale in Fig. 197 : the 
actual ^rror or refraction in the apparent height of an object on the 

Earth varies according to General Roy, frbm^ to ^o( the altitude; 
Bonguer makes it §, Maskelyne jj, Lambert^ . 

The refractive power of the air varies oif course with its density^ 
aikd that with its temperature, for heat necessarily rarifies it. It is 
also subject to great irregularities from the aqueous vapours sus- 
pended in it. 





The Sm ham b«» icn i* >«» Zemla, wbcn k «« 
bslow ihe fcornoo, itt rB7» wi&raig ■ aar extraofdoHy rt 
tfMir oh&yM! fay Araagh As fco aca vapoun faai^i^ oi 
k; MS. 

Tbe cfiffi <rf Ae French coast \atm been sees froin H2ttii!gii 
AedhMMiC of JOnifes, ihovgfa the? are coboiooIt concealed t^l 

cnovexky of the Globe". 

1 78. la aone bsuoces ttw reftacdoa of line air b at it f 
tavexled b; the «real ranficatiea of die- lower Mrab of ibe 
nooplMje by beat. When tbe anilace of the sea u ver; watn, 
borWM ■cmetUQes appeari Lower tftan it oatimilv ^ooM, 
a B wm of 4 or .> mtaatei of a decree. 

It win readdy occur to ibe reader, ibat wben the lower pu 
ibe atsaoapbere ia very amcb rwified, so that its densHy 
rapidly to the ground, it is posaible for a r^ of l^t leoding 
wards, to be reflected, as it is ia glads, or water, when the ai 
incidence exceeds a certain value. 

It is also possible, that two rajs pcoceedng fnm the if 
above tbe heated air, one honzoatallj, die ocber sla 
may meet as in Fig. SO^ and thus give lo an observer 
pearance of two distinct points. 

The following account is taken with tctj little attention 
that which M. Biot has given in lus AUwvmmat, bis 
his Precis Elemenlaire- 

When a dry and sandy soil is slroi^l; heated by (be 
air in contact with it is raritied, so ibat the density of the atmo 
increate) from the surface of the Earth to a certain height, w 
generally very small, then continues sensibly the same for a 1 
space, and decreasess slowly, but continually, throughout, 
uaiiiing extent. Now if the eye of an observer be placed 



* In tbe Annals of Philosophy (at Nov. ISIS, there is 
some barometrical measuremeots on the Jura mountains, in which it is 
that a signal in form of a pyranud, and a large poplar tree which sU 
it, presented in the different parts of the day, the extraordinary rarid 

appearance represented in Figs. 198, iy9, 200, Ml. 
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Ar&tuni of maitiiiinii dennty, and be directed towards an object also 
litumted in that stratum^ he will see it in two ways, directly through 
the umfiMrmly dense aifj and indirectly by rays reflected upwards 
dirough the lower strata. There will thus be two images seen^ one 
erect by the unrefracted rays^ the other inverted by the reflected 
onea. If the object be detached against the sky, this will also be 
represented round the inverted image, precisely as if the reflexion 
took pkce at die surface of water. See Fig. 203. 

Such is the cause of a very curious phaenomenon, which tlic 
Prench army observed very frequently in Egypt. The whole of 
Low^ ^yp^ ^^ A ^^^^ horizontal plain, broken only by a few emi- 
nenceS) on which the villages are built^ to be out of the reach of the 
inundations of the Nile. In the morning and evening the appearance 
of the country is such as the real disposition of the objects naturally 
presents, but in the middle of the day when the ground is heated by 
an unclouded Sun^ the prospect seems bounded on all sides by a 
general flood ; the villages appear like islands in the midst of an 
immense lake, and under each is seen its image inverted just as it 
would be given by water. As you approach one of them, the bounds 
of this apparent inundation retire, the lake which surrounded the 
village seems to sink away from it^ and at length goes to play round 
some more distant oasis. ''Thus'' says Monge, from whom tiiis 
description was originally borrowed, ''all circumstances concur to 
complete an illusion, which is sometimes cruel^ especially hi the 
desert^ where it vainly presents the semblance of watcr^ just at the 
time when it is most wanted/' M. Biot says, that he has observed 
many phaenomena of this kind on the sands at Dunkirk, and he has 
given the mathematical theory of them in the Memoirs of the luNti- 
tute for I8O9. He has shewn that the successive trajectories which 
go from the eye of the observer, intersect on their second bratichc^s, 
so as to form a caustic, underneath which no object is visible. In 
Fig. 204, LT represents this caustic, and DMS is the limiting irw 
jectoryy touching the surface of the Earth. 

All objects situated above MS^ send but one image to the (;ye; 
those in the space SLT send two, one erect, the other inverted ; 
those under the caustic MLT cannot transmit any rays ut all to D, 
and are therefore invisible. In this manner a moving object, a ninii 

S 



iTalking from one, fur iiislance, presents successively ibe appearaiuM 
repreaented in Fig. 803. 

The French aailors give the name of Mirage to this phvnoiMnonj 
the Italian peasants attribute it to the Fata Morgana. AccoKllBg 
to Dr. Young, it is known in this country by the name of Loomap 

Sometimes a distant object appears suspended in the aJr, without 
any inverted image. In this case the image does really exist, hit 
it is so extremely thin that it becomes imperceptible. 

179' Ejects such a» we have been describing, maybe prodoced 
artificially, by introducing some sulphuric acid through a funoel 
underneath pure water in a glass vessel. The acid heiog the heavier 
of the two liquids, raises the water above itself, and remains in part 
undiluted, but as it has a very strong affinity for water, the fluid* 
combine where they are in contact, and thus there is formed betwetn 
the pure acid and the pure water, a mixture passing insensihl; 
from the one to the other, and decreasing continuously in refractive 
power. If now an object be looked at through tlie acid, it will be 
seen directly in ila natural place, but there will also be an inverted 
image above it, produced by rays emitted upwards into the mixfurv, 
and refracted downwards again to the eye, (see Fig. 206.) 

An appearance more exactly Hke the mirage, may be obterved 
by looking at an object along a heated surface, such as that of ■ 
stove, or a hot poker. The air in its vicinity becomes very much 
rari6ed, and if the eye be moved about a little, it will be observe*!, 
that when a distant object is nearly in a line with the edge of ibe 
heated substance, it is seen double. 

The Rainbow. 

180. This phfenomenon is caused by the drops of rain refracting 
and reflecting the rays of the Sun. 

The usual appearance is one bow, consisting of concentric 
stripes, coloured like the prismatic spectrum, the violet being on the 
inside: above that is often seen another which is of course wider, 
but otherwise differs from the former ouly in having the colours in 
the inverse order, and rather less distinct. Sometimes a third, and 
even a fourth bow may be seen, but they are always extremely 
faint. The manner of this formation is shewn in Fig. 207, where 
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^ A, B, C, D, &c. represent spheres of water^ into which the solar 
;. lays entering, are^ under certain circumstances, refracted and reflected 
ao as to emerge parallel, or nearly so, and thus produce vision in 
m eye placed at O, with the sensation of some primitive colour, the 
different homogeneous rays being separated by the refractions. 

f In the first, pr lowest arch there is but one reflexion, in the next 
.^ twp, and so on. The quantity of light lost at each of these reflexions^, 
accounts for the want of distinctness in the upper bows. 

181. In the first place, it will be observed that the spectator 
. must turn his back to the Sun, to see a rainbow. 

Secondly^ that all drops of water similarly situated with respect 
to, the Sun, and to the eye, must produce the same eflect. 

. This similarity of situation, evidently depends on the circum- 
stance of lines drawn from the drop to the Sun, and to the eye, 
making equal angles. 

This includes all the drops that are found on a ct>nical surface 
of revolution, having for its axis a line parallel to the solar rays; 
. since all lines drawn from the vertex along such a surface make 
equal angles with the axis, or with any line parallel to it. 

In order to find in each case the value of the semi-angle of the 
cone, or the radius of the bow, we have only to determine its equal, 
the angle which the incident rays make with those emergent rays 
which are parallel. 

^Accordingly, we will find the value of this angle in general, and 
find what it becomes in the particular case in question. 

Let SA, Fig. 208, represent a single ray tbelonging to the first 
bow)y which is refracted and reflected to \B, C, O. 

The incident and emergent rays SA, CO being produced to meet 
in r, and EJ, £C, ET being joined, the latter of which of eouise 
passes through JB, 

Let = the half angle ATE, 

<f} == the angle of incidence SAM^ or EA2\ 
0' = the angle of refraction EAB^ 

sin 



m = the ratio of refraction. 



sin (p 
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Then the tingles EAB, EBA, EB€, ECB being all equal, le 
have 

JTE^ABE^BAT^^ABE-'iEAT'^EAB), 

that is, e = 0'-(0-0') = 2^'-^. 

Now when two successive emergent rays are parallel, 9 remains 
unchanged, while <f> becomes ^<^d^, or in other words^ d is att 

maximum or mmimum, and -rr =0; 

d(J} 

.._ -,_o, or^-|. 
But sin 036 971, sin 0'; , 



d<f/ ^ cos 
d(j> m . cos 0' ' 



cos I , 

/. *--T7 == « » or wi . cos 0=2 cos d>i 

wi.cos * ^ ^' 

•** m cos 0' ^ 4 cos 0*, 
but m* sin 0^* = sin 0*; 

/. adding, w* = 4 cos 0' + sin 0* 

= 3 cos + 1 ; 



.% cos 



=n/^ 



In order to find from this and the equation 6'^ 2<f/ -^ ip, we 
must put for m the value that it has for any desired sort of homo- 
geneous light refracted between air and water, and by the help of 
a table of natural sines and cosines, we shall obtain the angles 0' 
and 0, and consequently 2d, which will be the radius of the arc of 
that particular colour in the primary bow. 

The investigation is very similar for the secondary bow, or indeed 
for any other. 
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To make it as general as possible, let p represent the number 
>f reflexions within the drop ; (Fig. 209.) 

Q^^ATE the half rat^tu;, as before, 

ATE='ir-EAT-TEA. 

Now EAT=^ir-TAM=v-<l), 

and TEA = ^ FEA = \ {iir-(p+ I) AEB\ 

=|{2ir-(p +0(^-20')} 
=(p+l)0'-(p-i)|; 

/. d = fl--(7r — 0)-(p+l)0' + (p-l)'J 

„ d9 ^ , ^dd)' , d(bf cos 1 

a0 dip dtp 971. cos p+1 

We have then m cos 0' = (p + 1) cos 0; 
/. m* cos 0'* = (p+ 1)* cos 0*, 
and m* sin 0'^ = sin 0*, 

.-. rn^=z(p+ if cos 0' +sin 0* 
' =(;?* + 2p) cos 0'+ 1; 



.*. cos 



■x/"*-' 



/ + 2p 

is of course found as before, 1^ 2, 3 • • • • being put for p, 
iccording as the question relates to the primary^ secondary, or 
ertiary bow. 

In this manner the radius* of the innermost arc of the lower 
^ow, is found to be 40^ 17'> that of the outermost 42^ 9,\ And the 
extreme values for the second bow, are 50** 57\ and 54^ 7^ 

182. It is easy to verify these results by observation, for as 
he centre of the bows is in the line joining the centre of the Sun 



* These arcs are considered as parts of small circles of the celestial 
phere, and the radius is the distance of each from its pole. 
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and the eye of the spectator^ (Fig. £10.) the radius of any arc of 
which A is the highest point, is equal to the sum of its altituk 
AOh, and that of the Sun SOH, or hOS. We have therefore onlj 
to take with a sextant^ or other equivalent instrument, the greatest 
height of any arc above the horizon, and add that of the Sun^ to 
obtain the radius of the arc. 

183. It is sometimes required to determine, from observations 
on the rainbow, the ratios of refraction, for the different kinds of 
coloured light, between air and water. 

Suppose that we have found the value of 9, or 20'— <f} for an 
arc of the primary bow. 

Let tau (20'— 0) = il, 
tan ip''=^t. 

We saw that in this case 

m . sin = sin 0, 
and m cos 0' = 2 cos ; 

.*. tan 0^ = -| tan 0, or tan = 2 tan 0^ 

Then tan (2<p^^d>),or A = ^°^»^'"^^ 
r r/> l+tan20'.tan0 

2^ 



-2r 



1— if* 2^' 



4^' 1 + 3^'' 



1-t 
/. 2^'-3il^'-il=0. 



From this equation we must find t, and from that by a table 0' 
and by the equation tan s 2 tan 0' : then dividing sin by sin 
<f>, we shall obtain the particular value of m required* 
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APPENDIX. 



{From Biot's Additions to Fischer's Physique Mechanique,) 



Af ANT optical phenomena relating to the physical properties of 
light, haying of late years acqifired some importance^ we will here 
give, not a detailed account of them, which would not suit the plan 
of this Work, but a sketch which will indicate the principal results.' 

Coloured Rings. 

Wlien two plates of glass whose surfaces are not quite plane, are 
placed one on the other, the lamina of air naturally adhering to 
those surfaces has usually thickness enough to exercise complete 
action on light, that is, it reflects and refracts all the coloured rays 
in the same manner as if it were of considerable depth. If, how- 
ever, one of the glasses be rubbed on the other^ and forcibly pressed 
to it, to exclude a part of the intermediate air^ there will soon be 
perceived a degree of adhesion, which is generally greater in some 
parts than in others, either because the surfaces are always a littlq 
curved, or because they invariably bend under strong pressure ; in 
this manner there is obtained a lamina of air^ thinner than the pre- 
ceding, and the depth of which increases gradually in all directions 
from the point in which the surfaces are most closely in contact. 
If now these glasses be turned so that the eye may receive the light 
of the clouds, leflected by the lamina of air^ there will be perceived 
a number of concentric coloured rings, which, when the glasses are 
pressed sufficiently, surround a dark spot, at the point of contact. 

These coloured rings may be formed by pressing together trans- 
parent plates of any other substance, besides glass; they may be 
observed, when a glass lens is placed on a plane surface of resin, pf 
metal, of metallic glass, or any other polished body. These rings 
subsist moreover in the most perfect vacuum that can be produced. 
Neither is it necessary for their formation, that the interposed lamina 
be of air, nor that it be contained between two solid substances : a 
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layer of water, of alcohol, of elher, or any olher evaporable liquid, 
spread on a black glass, produces similar colours, when sufficiently 
attenuated; they may be observed also on soap bubbles, and 00 
blown glass, wheii thia enough*. 

In whatever manner, and under whatever circumstances these 
rings are formed, the succession of their colours from the central dark 
spot is invariably the same; the only dilference perceptible is in their 
brightness, which varies with the refracting power of the iHmina, 
and in their form, which depends on llie law by which the thiclLuess 
of the lamina is regulated in different parts. In fact, for any one 
substance, the colour reflected at any point depends on the thick- 
ness of the lamina, and the incidence under which the reflexion 
takes place. 

So far we have supposed the colours uf the lamina to be seen 
only by reflexion ; if it be placed between the eye and the light, 
concentric rings will again be observed similar to the others in form, 
but not in colour, and fainter, surrounding a bright spot. 

This might naturally be expected, for when the incident light 
is decomposed, so as to give coloured rays in the reflexion, those 
transmitted must of course be also coloured, and the one set miisl, 
in fact, be complementary to the other, that is, both together would 
produce white. 

It follows from all this, that to discover the laws of these phx- 
nomeua, the best method is to study them in cases where the 
variation of thickness is regular and known. This is what Newton 
did; and he conducted his researches with a careful nicety, which 
could be owing only to the importance which he foresaw would be 
attached to the consequences of them. 

He formed the rings by placing a convex glass of smalt curva- 
ture on a piece of perfectly plane glass; then the thickness of the 
lamina of air increasing symmetrically in all directions from the 
point of contact, the rings were perfectly circular round the dark 
spot formed at that point. 



• Of tbe same nature are tbe coloured stripes often seen in cracked ii 
[1 transparent cakarenus s|iBr, selenile, and other suhslances. 



He mcnsui'ed the diameters of these liiig'', in a particular 
case, and thence, knowing the curvature of the surface, he was 
^ able tu calciilnte the thickness of the laniinn at each ring. 

Repeating this observation under different angles of incidence, 

marked the variations produced in the rings; he found that ihey 

r wider as the obliquity increased, and by measuring iheir 

kietera, he calculated the different thicknesses at which the same 

r appeared. 

■He made similar experiments on thin plates of water, contained 

peen two glasses, and on thin soap bubbles, blown with a pipe. 

^e bubbles being placed on a plane glass, became perfectly 

■ispherical, and being covered over with a bell-glass, tliey lasted 

J enough for him to observe at leisure their brilliant lints. He 

I found that the thicknesses, at which the same colours appeared 

than in air, in the ratio of 3 to 4, which is, in fact, that of 

iction between those two substances. Other trials with laminte 

■ of glass, led him to generalize this remark, which many other 

ciperitnenls afterwards confirmed. He collected all his results into 

empiric tables, which express the laws of them in numbers. 

These laws were, however, still complicated iu consequence of the 
unequal refrangibilities of the different raj's, by which the rings were 
illuminated. To reduce Uie phenomenon to its greatest simplicity, 
Newton formed rings with simple light, by looking, in a dark room, 
at a white paper, which received in turns all the simple colotirs of 
the prismatic spectrum. This paper thus enlightened, and seen by 
reflexion on the thin laminx, became like a kind of sky, coloured hy 
that tint alone, which was thrown on it. In this n^nner the 
iollowing result's were obtained : 

(1). Each kind of simple light produced rings of itSowii colour, 
both by reflexion, and by transmission. 

(2). In each case, the tings were separated by dark intenals, 
which made them much more distinct than in the original exptri- 
ment, and caused many more to be discerned. They were more and 
more crowded together as their distance increased from the central 
spot. 

T 
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(3), The dark intervals whicb separated the liri^bt rings • 
by ihe reflected light, were bright rings lliemselves b^ the In 
iiiilled rays, and they were separated by dart iotervals answer 
the former rings. However, those intervals were not exactly o 
because the reflesion on a thin limina of air is far from beiagM 
feet, even in the most brilliant part of the rejected rings; 
same Ihiitg may be observed uf all thin lrun\parent plaren of • 
substance whatever. 

(4). In observing the luminous reflected rings, Newton re- 
marked, that they were not simple geometrical lines, but that eadi 
of them occupied a certain space, in which the brightness dioiiniiibed 
gradually each way from the middle. 

(5). Measuring the dianieiers of the reflected rings at theif 
brightest part, he found that for each particular kind of rays, fte 
squares of the diameters followed the arithmetical progression of 
the numbers 1, 3, 5, 7, &c- ; consequently, the thicknesses of the 
lamina, which are as the squares of their diameters, were in thil 
same progression. 

When the glasses were illuminated by the brightest part of tli« 
spectrum, which is between the orange and yellow, the diameter of 1 
the sixth ring was found to be Ae same as that of the brightest 
part of the corresponding ring in the experiment made in full day- 
light. 

(6). The diameters of the dark rings being likewise measured, 
he found that their squares, and consequently, the thicknesses of 
the air below them followed in the progression, 2, 4, 6, 8, &c- j 

(7)' By other measurements, he discovered that the brigbtat| 
parts of the transmitted rings answered to the darkest parts of die 
intervals in rejlexion, and vice versa, the darkest parts here were 
the brighlesl in the other case, so that the thicknesses of air which 
transmitted the bright rings, and those which gave dark intervals, 
were respectively as 2, 4, 6, 8, 6lc. and as 1, 3, 5, 7, &c. 

(8). The absolute diameters of corresponding rings of differenl 
colours were different, as were also their breadths, both these di- 
mensions being greatest for the extreme led rays, and least for the 
violet. 



(9). The simple rings of each iroluiir were least when the i*ay« 
issed perpendicularly through the lamina of air, and increased with 
; angle of incidence. 

Tliese observations explain completely the more complicated 
ItSDomenon of the rings formed by the natural light, for this 
light consisting of different coloured raya mixed together in definite 
ptoponions, when a beam of this mixture falla on tl^e thin lamina 
of air between the glasses, each kind of simple light forms ita own 
ritigB by itself, according to its own peculiar laws, and as the dia- 
meters of these rings are different for the various kinds of light, 
they are sufficiently separated from each other to be distinguished. 
However, this separation is by no means so perfect as in obser- 
vations made with simple rings, because the rings of dilfereot 
colours encroach a little on each other, so as to produce that in- 
finite diversity of tints that the experiment shows. But, though 
this successive superposition of the simple pings is realty the key of 
the phenomena, one cannot be very sure' of the fact without having 
measured exactly the absolute magnitudes of the diameters and 
breadths of the rings, formed by the different coloured rays; for 
when these results are once known, it can only be a simple arith- 
metical problem to find the species and the quantity of each colour 
that may be reflected or transmitted at each determinate thickness; 
and consequently, if the effects of the composition of all these 
colours be calculated by the rules which Newton has given in bis 
Optics, it will be easy to deduce, with perfect accuracy, the nu- 
merical expressions of the tint and intensity of colour which must 
exist at each point of the compound rings, which may then be 
compared with experiment. In a word, we have as yet only, a 
suspicion, u probable one no doubt, of the cause of our phs— 
notnena; accurate meaitiirenicnts are necessary to convert thai 
probability into ceiuiuty. 

This is just what Newton did. He measured the diameten of 
the simple rings of the same order, both at their inner and outer 
edges, taking successively the various colours of the spectrum, from 
the extreme violet to the deepest red; afterwards, according to his 
usual method, he took care to connect these results by a mathe- 
matical law, which might represent them with sufficient accuracy. 
Then comparing the squares of the diameters, he deduced the pro- 
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the lamina of air at each edge of die 1 




different orders of rings, formed by one simple colour, proved to 
iiim, thai the intervals of thickness, throughout which reflexion loiA 

least when the light was incident perpendicularly. Thus, design 
Dating generally by ( the tliickneas of the air at the beginning of 1 
tlie first lucid ring, for any simple colour, that ring ended at tbe 
thickness 3(, and therefore occupied an interval of thickness equal 
to it. Then came the iirst dark ring, occupying an equal intervil 
ar; then a second lucid ring from 5t to 71. and so on. 

Combining this law of succession for the different orders, with 
that of the distribution of the various lints of the same order, one 
easily conceives that a single absolute thickness, measured at tbe 

colour, is sufficient to calculate the value of the first thickness t, 
relatively to that colour, and thus all the thicknesses of the seveni 
rings of each colour may be determined, 

In this manner Newton, measuring llic thickness represented bj 
2( for the different simple rays, in vacuo, in air, in water, andia 
common glass, found their values as shown in the following TaUe, 
where they are expressed in ten thousaudlh parts of an inch. ( 




Cohan. 


Values of 2^ 


In Vacuo. 


In Air. 


In Water. 


In Olui. 


Extreme violet 

/"violet and indigo. . 

k indigo and blue. . . 
= } blue and green. . . . 
a ^ green and yellow. . 

1 yellow and orange.. 

^ orange and red. . . . 
Extreme red 


3,99816 

4,32436 
4,3147.1 
4,84284 
5,23886 
5,61963 
5,86586 
6.34628 


3,99698 
4,32308 

4,5 1 342 
4,84142 
5,23732 
5,61798 
5,86414 
6,34441 


2,99773 
,1,24331 
3,38507 
3,63107 
3,92799 
4,21349 
4,39811 
4,75831 


2,57870 
2,78508 
2,91188 
3,12350 
3,37891 
3,62450 
3,78331 
4,09317 








b 


k 






a 
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In this Table the values relatbg to air were alone immediately 
btained by observation ; the others were calculated from them' by 
leans of the several ratios of refraction^ that is, by multiplying 

hem by ^g for the vacuum, j for water, and -j-^ for glass. It 

nust be remembered, that these values all suppose the incidence 
to be perpendicular* 

Applying to tfiese results a rule that he had found to determine 
die nature of the compound colour resulting from any giving mixture 
of simple colours, Newton deduced the following Table, which shows 
ihe thickness at which the brightest tints of each ring appear, when 
seen under the perpendicular incidence. This table is calculated 
ody for air, water, and common glass, but may of course be extended 
to all other substances, by the method above-mentioned. 

The unit is the thousandth part of an inch. By the side of dif« 
ferent colours are put the names of certain flowers or metallic sub* 
staaces^ jusf to give more distinct ideas of them. 
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Reduction of the pheiuniuim of the rings to a pht/sical propertjf 
fAt, calied Fks of eaiiy Keflexiou und Trail a miss ion. 

The phenomeiiu of ihe rings being reduced to laws extremely 
Ct and well adapted to calculation, Newlon concentrated them 
D a atill simpler expression, making them depend on a physical 
wrty, which he attributed to light, and of which he detined all 
particulars conformably to their laws. 

Considering light as a matter compoN«d of small molecules 
ted by luminous bodies with very great velocities, he concluded, 
t since tiiey were reflected within the lamina of air, at the 
era! tltjcknesses t, 3t, 5t, 71, &c., and transmitted at the inter- 
Cediate thicknesses 0, 2f, 4t, Gt, Sic, the molecules must have 
Kone peculiar modilicatioii, of a periodical nature, such as to in- 
:line them alternately to be retlected and refracted after passing 
trough certain spaces. Vet this modification could not be iie- 
:essaiy, since the intensity of the reflexion at the second surface 
varies with the medium contiguous to that surface, so that a given 
nolecule arriving at it, at a given epoch of its period, may be either 
'eftecled or transmitted, according to the exterior circumstances 
which act on it. Newton therefore characterised this property of 
the luminous molecules as a simple tetidencif, and designated it 
ippropriately enough by the phrase. Fit of easy reflexion or tranS' 



According to this idea of the^^fs, their duration must evidently 
be proportional to the thickness (, which regulates, in each substance, 
ibe alternations of reflexion and transmission. Thus, in (he lirst 
Lahle given, we find the measure of it for a vacuum, for air, water, 
uid glass, in the case of perpendicular incidence. In other sub- 
stances, the duration of the fits must vary as the quantity I, that is, 
inveraely as the refracting power; it nil! vary also, by parity of reason, 
with the obliquity of incidence, and the nature of the light r but the 
laws of these variations are exactly those which regulate the rings 
Lhemscives; so that, these last being known, it remains only to 
ipply them; this Newton did, and after having defined completely 
ill the characters of the fits, he employed them as a simple pro- 
perty, not only to unite under one point of view the phenomena of 
ihe colours :pruduced by thin plates, hut also to foresee and to ca)- 
wtee beforehand, both as to their general tenor, and their minutest 
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Is, a crouil of analogous phenomena observed to nttetid refie'x'u 
in thick plutes, which, in fact, in his experiments, exceeded b; 
much as twenty or thirty thousand times those on which the calculi* 
lions had beeu founded ; moreover, applying the same reasoning ' 
the integrant particles of material substances, which all chemictl 
and physical phenomena show to be very minute, and to be sepa- 
rated, even in the most i^olid bodies, by spaces immense in com- 
parison of their absolute dimensions, he was able to deduce naturally 
from the same principles, the theory of the different colours ihey 
present to us, a theory which adapts itself with a surprising facility 
to all the observations to which those colours can be submitted. 
The number and importance of those applications account suffi- 
ciently for the care which Newton took with his experiments on 
the rings ; I am aorry to be obliged to confine myself here lo the 
bare indication of those fine discoveries. 

jinotker explanation of the coloured rings on the hifpothtsis of 
undulations. Dr. Young's principle of Interferences. 

If light be really a material substance, Newton's fits 
necessary property, because they are only a literal enunciatioDjI 
the alternations of rcAuxion and trunsmissiou which coloured ra\ 
present; but if light be otherwise constituted, these alternation 
may be accounted for difTcrenily. 

Descartes, and after him Huygbens, and a ^reat number of \ 
natural philosophers, have supposed that the sensation of light wu I 
produced in us by undulations excited in a very elastic medium,! 
propagated lo our eye, which they affect in the same manner 
as undulations excited in the proper medium of the air, and propa- 
gated to the ear, produce in it the sensation of sound. Tiiis 
medium, if it does exist, must till all the expanse of the heavens, 
since it is through this expanse that the light of the stars comes lo 
our eyes: it must also be extremely elastic, since the transmissioD 
of light takes place with such extraordinary velocity ; and at the 
same time its density must be almost Infinitely small, since the moM 
exact discussion of ancient and modem astronomical observalions, 
does not indicate the least trace of resistance in the planetary 
motions, i^s to the relations of this medium with earthly bodies, h 
is plain that it must pervade them all, for they all transmit light when 
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nifficientij attenuated; moreover its density must probably differ 
in them according to the nature of the substances, since unequal 
refractions appear to prove that the propagation of light takes place 
in different media with various velocities. But what ought to be 
ihe proportions of the densities for these difTercnt substances? 
How is the luniiiiiferous ether brought to, or kept in the proper 
state for each? How is it Inclosed aud contained so as to be inca- 
pable of spreading out of them ' Moreover, how is this medium, 
so nouresisting, so rare, so intangible, agitated by the molecules of 
bodies which appear to us luminous? These arc so many cha- 
racters which it would be necessary to know well, or at least to 
deline well, to have an esact idea of the conditions according to 
which the undulations are formed and propagated ; but hitherto 
Aey have never beeu distinctly established. 

At any rate, if a body be conceived to have the faculty of ex- 
citing an instantaneous agitation in a point of such a medium, lup- 
pDsed at first equally dense in all its extent, this agitation will he 
propagated in concentric spherical waves, jn the same tuannur its in 
»ir, except that the velocity will be much more considerable. Each 
molecule of the medium will then be agitated in its turn, and afler- 
nards return to a state of rest. 

If these agitations are repeated at the same point, there will r«- 
sult, as in air, a series of undulations analogous to those producing 
'ound ; and as in these there are observed successive and periodical 
alternaUons of condensation and rarefaction, corresponding to tlni 
alternations of direction which constitute the vibrations of a Nonor- 
ous body, in like mariner it will be easily conceived that the 
successive and periodical vibrations of luminous bodies might pro- 
duce similar effects in luminous undulations: and nguin, un iho 
succession of sonorous waves, when suflicienlly rapid, produccn on 
our ear the sensation of a continuous sound, the quality of which 
depends on the rapidity of the opposite vibrations, and OH tho 
laws of condensation and velocity that the nature of thoso vibralinni 
excites in each sonorous wave, in like manner, under analogoui 
conditions, the ethereal waves may produce sensations of light in 
our eyes, and different sensations in consequence of the variety of 
[be conditions. Hence the differences of colours. In thin synlem, 
B length of the luminous waves correspond lo Newton's Jils, and 
U 



tbmr Ungtii ia, as will be seeii hereafter, exactly c)U8druple: thl 
rapidity of (heir propagation depends, as in air, on tlie relatJon 
between the clastic force of the fiuld and its density. 

When a sonorous wave excited in air arrives at the surface of a 
aoiid body, its impact produces in the parts of that body a motion, 
insensible indeed, but nevertheless real, which sends it back. If 
the body, instead of being solid, is of a gaseous form, the refleiion 
takes place equally, but there is produced in the gas a sensible un- 
dulation depending on the impression that its surface has received*. 
Luminous undulations ought to produce a similar effect when the 
medium in which they are excited is terminated by a body in which 
the density of the ethereal Huid is different; that is to say, there 
must be produced a reflected wave and one transmitted; whicb 
is, in fact, what we call reflesion and refraction. In this system, 
the intensities of rays of light must be measured i^y the ru viva of 
the fluid in motion, that is, by the product of the density of the 
fluid by the square of the proper velocity of its particles. 

To confirm these analogies, already very remarkable, it would 
be necessary to follow up their consequences further with calcu- 
lations ; but unfortunately this cannot be done rigorously. The 
subject of undulations thus sent back or transmitted in oblique 
motions, is beyond the existing powers of analysis. In the case of 
perpendicular incidence the plicenomenon becomes accessible, but 
tlien it teaches nothing as to the general direction of the motion 
communicatedj as the propagation must be continued in a straight 
line, if for no other reason, on account of there being no cause why 
it should deviate from it ; nevertheless in this case theory indicates 
the proportions of intensity for the incident and reflected waves, 
which appear, in fact, tolerably conformable to experiments oh light, 
which is, at any rate, a verification as faras it goes. 

When the ear receives at once two regular and sustained 
sounds, it distinguishes, besides those sounds, certain epochs at 



■ Tills phieuomenon may be observed in the sounds produced by orgaa- 
pipes when filled with successive strata of gases of unequiil densities, for io- 
stance, with atmospheric air and bydrogen. The souada wbici) should be 
produced under such circumstances have been calcalated by Mr. Pobson, 
and his results agree perfectly with experiment. 



jiich undulations of the same nature arrive together or separate. 
■ the periods of these returns arc very rapid, a third sound is 
Nifd, tbe tone of which may be calculated a priori from the epochs 
coincidence; but if these happen so seldom aa to be heard dis- 
hctly, and counted, the effect is a series of beats which succeed 
ph other more or less rapidly. The mixture of two rays, which 
B together at the eye, under proper circumstances, produces an 
set of the same kind, whicli Grimaldi remarked long ago, but of 
. Dr., Young first showed the numerous applications.' The 
Ipteat way of eiihibiting this phieuomenon is the following, which 
Uie lo M. Fresnel. 

A beam of sun-lighl, reflected into a fixed direction by a 
heliostat, is introduced into a darkened room; it is trausmitted 
through a very powerful lens, which collects it almost into a 
single point at its focus. The rays diverging from thence form 
a cone of light within which there are placed, at the distance of two 
or three yards, two metallic mirrors inclined to each other at a very 
I imall angle, so that they receive the rays almost under the same 
f iDgle; the observer places himself at a certain distance, so as to 
V'^bierve tbe reflexion of the luminous point in both the mirrors, 
f Here are thus seen two images separated by an angular interval 
which depend^j on the inclination of the two mirrors, their dis- 
tances from the radiating point, and the place of the observer ; 
but besides these, which is the essential point of the phenomenon, 
' there may be seen, by the help of a strong magnifying lens, between 
Hk places of the two images, a series of luminous coloured fringes 
parallel to each other, and perpendicular to the line joiningthe 
images ; if the incident light is simple, the fringes are of the colour 
of that light, and separated by dark intervals. . Their direction 
depends solely on those of the mirrors, and not at all on any influ- 
ence of the edges of those mirrors, as each of them may be liirned 
round in its own plane without producing the slightest alteration in 
the phienomeiioM. 

Let US couHne our attention, for the sake of greater simplicity, to 
the case iu which the incident light is homogeneous; tliis case may 
be easily exhibited in practice by observing the fringes through a 
coloured glass which will transmit only the rays of a particular tint. 
In tliis case if we select any one of the brilliant fringes formed he- 
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nrMOUe two imagea^ we may calculate the directions and paAi 
of tlie luminous rays whicli form that fringe, coming from each at 
(he mirrors. Now Jo making this calculation, we lind the folloiF- 
ing results : 

(1) The middle of the space comprised betweea the two lumi- 
nous poiols is occupied by a band of colour formed by rajs tbe 
lengths of whose paths from the luminous point to the eye are 
equal. 

(2) The first fringe on each side of this is formed by rays for 
which the difference of length is constant, and equal for bstanu 
to/. 

{3) The second coloured fringe arises from the rays having fi' 
for the difference of the distances they pass over. 

{4) In general for each fringe ihls difference is one of the terms 
of the series 0, /, it, 3/, 41, &c. 

(5) The intermediate dark spaces are formed by rays for wlucli 
the differences are ^l, ^l, | /, 5lc. 

(G) Lastly, the numerical value of / is exactly four times tliit 
of the length which Newton assigns to the^/ for the particular I 
kind of light considered. 

The analogy between these laws and those of the rings is evi- 
dent. The following is tbe explanation given of them in the 
system of undulations : ihe interval / is precisely equal to the 
length of a luminous wave, that is, to the distance of those points 
in the luminiferous ether, which, in the succession of ttie waves, 
are at the same moment in similar situations as to their motion. 
When the paths of two rays which interfere with one another differ 
exactly by half this quantity at the plate where they cross, they 
bring together contrary motions of which the phases are exactly 
alike. Moreover the motions produced by these partial undula- 
tions take }rlace almost along the same line, as the mutual inclim* 
tion of the mirrors is supposed to be very small. Consequently 
the two motions destroy one another, the point of ether at which 
they meet remains at rest, and the eye receives no sensation of 
light. The same thing must occur at those points where the dif- 
ferences of the spaces passed over by the rays is 4^^, ^l, or any 
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other such number; whereas at points where the difference is 
#, £/, 31, or any other multiple of /, the undulating motions coin*- 
cide, ' and assist each other, so that the appearance of light is 
prodaced. 

This way of considering of the combination of luminous waves 
and th6 alternations of light and darkness which result from it has 
been called by Dr. Young, the Principle of Interferences. 

The phaenomenon of the alternations of light and darkness is 
certain; if, reasoning i priori^ it appeared tp be passible^ only on 
the hypothesis of undulations, it would reduce the probability of 
that hypothesis to a certainty, and completely set aside the theory of 
emission. It does not, however, appear to offer that character of 
necessary truth which would be so valuable, whichever argumeiit 
it favoured, because it would be decisive. One may, without vio- 
latiDg any rule of logic, conceive equally the principle of interfer- 
ences in the system of emissions, making the result which it 
expresses a condition of vision. 

In fact, the phaenomenon of the fringes does not prove that the 
rays of light really do affect each other under certain circumstances, 
it only shows that the eye does, or does not receive the sensation of 
light, l^hen placed at a point where the rays coincide with those 
circumstances; it proves also that an unpolished surface placed 
at such a point, and seen from a distance, appears either bright or 
dark; now in the former case it is possible that vision may cease 
when the retina receives simultaneously rays which are at different 
epochs of their fits; and in the latter, when such rays arrive toge- 
ther at an unpolished surface, and are afterwards dispersed by 
radiation in all directions, it is clear, that having the same distance to 
pass over from each of the surfaces to the eye, they will have, on 
arriving at it, the same relative phases that they had when at the 
surface; if therefore they were then in opposite states, they will be 
so likewise in arriving at the retina, and thus there will be no vision 
produced. I do not pretend that this explanation is the true one, 
or even that it bears the character of necessity ; it is both true and 
necessary if light be material, for it is but the statement of a phaeno- 
menon; but if only it implies no physical contradiction, that is 
quite sufficient to prevent the phaenomenon from which it is derived 
from being decisive against the system of emission. 



terferences to ibe expUoatiou of the coloured rings, both reflects re 
and IraDsmilted, of linn plates. ^^ lieu such a plate is seen bj 
reflexion, llie light coming from the firiM surface to the eft k 
interferes with that from the secood; this iaterfereuce either dpa | 
or does not produce the sensation of light, according as the dJfTerenl ^ 
distances that the rays have to pass over, place them in similar or 
opposite phases of their undulations ; but then, at the point where 
the thickness is nothing, this difference is nothing, and consequent]; 
tine would expect to see a bright spot instead of a dark one. To I 
get over this difficulty Dt. Young introduces a new principle, I 
namely, that the reflexion within the plate makes tlie rays lose ao 
interval ^/, exactly equal to half the lengUi of a wave.. B) 
means of this modification, the rays reflected from the two sur- 
faces at the point where the thickness is nothing, acquire opponle 
dispositions, and therefore produce together no seosatioii of light 
in the. eye ; then in the surrounding places, the law of the periods 
of the unduiaiions gives that of the succession of bright and dark 
rings: this law, thus modified, agrees with the measurements of 
the coloured rings observed in the case of perpendicular incidence; 
hut for oblique incidences il is not quite consistent with Newtoo't 
statement. Is it possible that the laws which Newton established 
upon experiments may be inexact, or must we introduce in the 
case of oblique waves some modification depending ou their impact, 
on the surfaces ? This point is yet to be decided. 



We have hitherto considered only the rings observed by re- 
flected light; the others are fomied, according to the uiidulalim 
system, by the interference of waves transmitted directly, with those 
which, being reflected at first at the second surface of the thin plate, 
arc again reflected on returning to the first, and are thus sent to the 
eye at which they arrive without any farther modification. In this 
case the point where the surfaces touch should give a bright spot, 
as we find by expeiience that it does, so that here we have tK) ad- 
ditional principle to introduce as in reflexion; but this is quit* 
necessary in many other cases. 

According to this system, the thicknesses at which the rings tin | 
formed indicate the length of the oscillations in any subslance. i 
How for one given mode of vibration of the luniiuous body, tht 
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ogth of the waves must be equal to the distance that the light 
isaes . over whilst the vibration takes place ; since therefore the 
nves are found to be shorter in the more strongly refracting sub"- 
ancea, this velocity of transmission must be less in them accord* 
g to the same law ; that is to say, it must be inversely as the 
itio of refraction. 

By considering the alternations of light and darkness as pro- 
need by the superposition of luminous waves of the same or of 
ifferent nature^ we give to the phaenomenon a physical character, 
ad it is thus that Dr. Young first announced the principle of in« 
irferences ; but we may detach it^ as he has done, from all extra- 
«ous considerations, and present it as ^n experimental law; it 
aay then be expressed as follows : 

(1) Wheti two equal portions of light, in exactly similar cir- 
cumstanceSy have been separated, and coincide again nearly 
in the same direction, they either are added together^ or 
destroy one another, according as the difference of the times, 
occupied in their separate passages, is an even or odd multi- 
ple of a certain luilf interval which is different for the 
different kinds of lighty but constant for each kind. 

(2) In the application of this law to different media, the velo" 
cities of light must be supposed to be inversely proportional 
to the ratios of refraction for those media, so that the rays 
move more slowly in the more strongly refracting medium. 

(S) In reflexions at the surface of a rarer medium, on some 
metals, and in some other cases, half an interval is lost. 

(4) Lastly, it may be added that the length of this interval, for 
a given Mrui of light, is exactly four times that of the Jits 
attributed by Newton to the sarfie light. 

To give aa instance of these laws, suppose that when tWo 
ample homogeneous rays interfere and form fringes in the experi- 
ttent with die two mirrors, you interpose across the path of one 
•f these a very thin plate of glass that that ray alone is to pass 
through. According to the second condition, its motion through 
the glass must be slower than through the air in proportion as the 
refracting power is greater. Thus, when after leaving the glass. 



and coiitimiiBg its motion, it meets the ray with which it before n- 
lerfered, itu ri:lations with this as to intervals will have been altered; 
and it' the intervals are ever found to be the same, it must be when 
the ny is so refracted by the glass that the diminution of its velo- 
city be compensated by shortening its path; in this case the fnngei 
will be formed in different places, and their displacement may be 
calculated from the lliickness of the glass and its refracting power; 
now this is confirmed by experiment with incredible exactness, u 
M. Arago observes, to whom we are indebted for this ingenioui 
experiment. 

By the same rule, if the displacement of tlie fringes thus pro- 
duced by a given plale^be observed, which may be done with ei- 
treme precision, we may evidently find the refracting power of that 
plate ; we may also compare the refractions of various subsEances 
by interposing plates of them successively on the directions of the 
interfering rays. Messrs. Arago and Fresnel tried this method, 
and found it so exact that they were able to use it to measure differ- 
ences of refraction that no other method would have given. 

Diffraction of Light. 

When a beam of light is introduced into a dark room, if you 
place on its direction the edge of some opaque body, and after- 
wards receive on a white surface placed at a certain distance that 
portion of the light which is not intercepted, the border of the 
shadow will be observed to be edged with a bright line ; and on 
increasing the distance, several alternations of coloured fringes are 
thus seen to be formed. This phienomenpn constitutes what 1* 
called the Diffraction of light. 

To give it all the exactness of which it is capable, it is advisa- 
ble to use the same disposition as in the experiment with the two 
mirrors, that is, to lake a sunbeam directed by a heliostat and con- 
centrated by a lens almost in a geometrical point: an opique 
body is then to be placed in the cone of rays diverging from that 
point. To fix our ideas, suppose we use an opaque lamina wilh 
straight edges, and about a tenth of an inch broad; if then the 
rays be received on a piece of ground glass placed at & certain dis- 
tance, and the eye be placed beyond this glass, there will be 
observed on each side of the shadow of the h 
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series of brilliant fringes parallel to the edges, and separated from 
each other by dark intervals ; the brightness of these fringes dimi- 
aishes as they recede from the shadow; and the shadow itself is 
not quite dark, but is formed also of luminous and dark fringes all 
parallel to the edges of the lamina.. Moreover the ground glass is 
not necessary to exhibit these fringes, for they are formed in the 
air, and may be seen in it, either with the naked eye or by the 
assistance of a lens placed exactly on their direction. If then a 
lens be fixed to a firm stand which can be moved horizontally, by 
means of a screw, along a scale divided into equal parts^ its axis 
may be brought successively opposite each bright and dark fringe ; 
the position of one of these may be determined precisely by 
referring it to a fine thread stretched in front of the lens, and thus 
the intervals of the fringes may be measured, on the graduated 
8cale> by the distance through which the lens is moved to set it 
opposite to each; this advantageous arrangement was devised by 
M. Fresnel, who made use of it to measure all the particulars of 
the phaenomenon with extreme precision. 

Now these particulars, as Dr. Young first announced, may be 
represented pretty exactly by supposing that the light which falls 
on the edges of the lamina, spreads over them radiating in all direc- 
tions from those edges, and interferes both with itself and with the 
rajs transmitted directly. 

The first kind of interference forms the interior fringes ; the light 
radiating from one edge interfering with that from the other, these 
two sets of rays are exactly in the same predicament as the two lu- 
minous reflected pointy in the experiment of the mirrors ; thus also 
the disposition of the interior fringes both bright and dark, and the 
ratios of their intervals, are exactly similar. If you determine in 
your mind the series of points in space at which the same kind of 
interference takes place, at different distances behind the lamina, 
which gives the succession of the places at which the same fringe 
appears, you will fii)d that those points are, to all appearance, on a 
straight line ; and their intervals, when measured, are very exactly 
conformable to what the calculation of the interferences indicates. 

As to the exterior fringes, they may be considered as formed by 
the interference of the light transmitted directly with that radiating 
from each edge; but we must here, as in the reflected rings, sup- 
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pose a loss of an interval ^ /. It thus appears that the points at 
which each fnDge appears at 'different distances from tlie lamini 
are not placed on a straight liue, lint on an hyperbola of the second 
order, which esperimenl confirms completely. 

We must not conclude from this that diffracted light doei DM 
' move in straight lines, for it is not the same ray that forms a fiingv 
of a given order at different distances. That the ray changes, ns 
the distance is altered, may be concluded from this alone, that the 
fringes may be observed io space either with the naked eye or wilh 
a lens ; for then it is evident that the rays which form them must 
converge, and afterwards diverge ; otherwise they could not be cd' 
lected by the lens so as to afford a visible image of their point of 
concourse. 

Very remarkable phenomena of diffraction are again produced, 
when the cone of light, instead of being intercepted by an opaque 
lamina, is transmitted between Iwo bodies terminated by straight 
parallel edges. In this case, the diffracted friuges may, with great 
appearance of truth, be attributed to the interference of the two 
portions of light whieh fall on the opposite edges. 

Nevertheless, there are many physical particulars in the phe- 
nomenon, which it is difficult to explain on this fajpothesi*' 
M. Fresnel has even found that it is not quite consbteot with the 
measurements of the fringes when they are very exact; he bat 
been convinced that the small portion of light which the edges 
may reflect is not sufficient to produce the observed iuIeDsities of 
the fringes - and that it is necessary to suppose that other rays asUlt 
which do not touch the edges. He has thus been induced to con- 
sider all the parts of the direct luminous wave as so many distinct 
centers of undulations, the effects of which must be extended sphe* 
ricallj to all the points of apace to which they can be propagated; 
according to which supposition, the particular effect at each point 
would result from the interferences of all the partial undulatiou 
that arrive at it. This considerationj applied to the free propagt- 
tion of a spherical wave in a homogeneous medium, makes the loB 
of light proportional to the square of the distance, conformably to 
observation ; but when a part of the light is intercepted, it n* 
dicates, in the different points of space towards which it is after- 
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svards propagated^ alternations o^ light and darkness/ which, in 
[>oint of disposition and intensity, agree most minutely with those 
observed in difFracted light. 

The introduction of this principle has enabled M. Fresnel to 
embrace all the cases of diffraction with extraordinary precision; 
but an exposition of his results^ though very interesting, would lead 
us farther than the plan of thb Work would allow. 



Double Refraction. 

The rays of light, in passing through most crystallized sub- 
stances^ are generally divided into two parcels^ one of \vhich, con- 
taining what are called the ordinary rays, follows the usual mode 
of refraction; but the other, consisting of what are termed the 
extraordinary rays^ obeys entirely different laws. 

This phenomenon takes place in all transparent crystals, except 
daose which cleave in planes parallel to the sides of a cube, or a re«- 
gular octohedron. The separation of the rays is more or less 
strong, according to the nature of the crystal, and the direction which 
the light takes in passing through it. Of all known substances, the 
most powerfully double refracting, is the dear carbonate of lime^ 
commonly called Iceland Spar. As this is a comparatively common 
substance, and may easily be made the. subject of experiment, we 
take it as a first instance. 

The crystals of this variety of carbonate of lime are of a rhom- 
boidal form, as represented in Fig. £11. This rhomboid has six 
acute angles, and two obtuse; these last are formed by three equal 
plane angles : in the acute dihedral angles, the inclination of the 
faces is 74^ 55\ and consequently, in the others it is 105 5\ 
Mains and Dr. Wollaston have both found these values by the 
reflexion of light. 

If a rhomboid of this description be placed on a printed book^ 
or a paper marked with black lines, every thing seen through at 
will appear to be double, so that each point under the crystal^ 
must send two images to the eye, and consequently, two pencils of 
rays. This indicates th^t each simple pencil must be separated into 
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t«/jr m ite pmiiigf fkr^sfh the 
fh^>wn to be d^s csmc, Irv 
f»1iMm ft win gite two dblaKt 
drriatiofi of llM«e ranrf, aad 
tlpe foUoviiig mple aiedbod : ob the paper ob vkkk pm pfacr 
tW rfcombofd, draw^ widi ▼cry bbck iak, a rij^ '■^ XBC, 
(Ftn.^n^j of friadi kt tke leait tide BC be, for iviMce, oK^-ftiaA 
of >^C. If this tnan^ be obeerfcd Atvm^ ibe iboMbnii, it vfl 
•pp^r double^ wbererer tbe eje be pbeed; ahI fior cacb puiliiM 
iA tbe ^e tbere fiM be foood a pout T, fribcre the Bk il'^C, tk 
extraordimry bnage of iiC^ wiD cot the tine ilB, vbicb I soppose 
to ip^m% to the ordinafj image* Take thcB ob the trii^lr ilidf 
a leiigth AP" eqoal to ii'F^ aod tbe poiot f will be that of wUch 
tbe extraordinary image coincides with the ordioarj oae of F, Tbe 
Cprdioary pencil proceeding from F, and the extraoidinafj one fron 
F' aire iherefore confounded together, on emerging from the cryslil, 
and yfifAvite only one single pencil which meets the eye: hence, 
conrersely^ a natural pencil proceeding from where the eye is placed 
to tbe crystal^ woold be separated by the refracticm into two pen- 
cils^ one of which would go to JP, and the other to F'. This may 
indeed be easily confirmed by experiment with the bdiostat If 
then tbe lines ABf AC be divided each into a thoosand parts, for 
instance, and the divisions be numbered as represented in tbe F^are^ 
a simple inspection will sufiice to determine the points of AB^ and 
ACf of which tbe images coincide; consequently, if the positioB 
of these lines and tbe triangle be known, relatively to the edges of 
tbe base of tbe crystal, it will be known in any case to what points 
of (tic base F and F correspond^ so that to construct the refracted 
rays, it will only remain to determine, on the upper surface, the po* 
sition of their common point of emergence (Fig. 213.)- This might 
be done by marking on that surface the point /, where the images 
of All and AC intersect; but as it is useful also to know the di* 
rcction of the emergent pencil, it is better to make the observation 
with u graduated circle placed vertically in the plane of emergence 
lOV, The sights of this circle must be directed to the point /, 
and, if the precaution has been taken of levelling the plane on 
which the crystal lies, the same observation will determine at once 
the angle of emergence JOV, or NIO, measured from the normal; 
ttiid the position of the point / on the rhomboid. The positions of 
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kbe points F, F\ are also known a priori, so that the directions 
FJ, fl may be constructed ; whereupon we may remark, that in 
many cases the extraordinarily refracted pencil F'l docs not lie in 
the plane of emergence "NIO. 

Such is the process devised by Malus; if we admit it, we may 
admit also all his observations, and consider them as data to be 
satisfied, but I will shortly indicate a more simple method, which 
would allow us ta repeat these same measurements with equal 
facility and accuracy. 

Among all the positions that may be given to the crystal, 
resting always on the sdme face, there is one which deserves par- 
ticularly to be remarked, because the extraordinary refraction takes 
place^ like the ordinary, in the plane of emergence. To find this 
position^ it is necessary to conceive a vertical plane to pass through 
the side BC of the triangle, to place the eye in this plane, and 
slowly turn the crystal round on its base, till the two images of 
£C coincide; then, as the ordinary image is always in the plane 
of emergence, the extraordinary must in that. case be in it likewise. 
The particular plane for which this takes place is called the prin- 
dpal section of the rhomboid. If the crystal used in the experiment 
be of the primitive form, for the carbonate of lime, the bases of 
the rhomboid will be perfect rhombs, and the principal section will 
be that containing the shorter diagonals of the upper and lower 
faces. This section of the rhomboid will be a parallelogram 
ABA'B, (Fig. 214.) in which JB, A'B are the diagonals just 
mentioned, and AB^, A'B edges of the rhomboid. The line J A' 
is called the axis of the crystal; it is equally inclined to all the 
faces, forming with them angles of 43^ 23' 2o''. It is to this line 
that all the phaenomena of double refraction are referred. 

Let us examine at first the manner of this refraction in the 
principal section. All its general phaenomena are exhibited in 
Rg. 215, in which SI represents an incident ray, 10 the ordinary 
refracted ray, ' IE the extraordinary : IN is the normal. When the 
incidence is perpendicular, the ordinary ray is confounded with the 
normal, and passes through the crystal without deviation; but the 
extraordinary is refracted at the point of incidence, and is more or 
less deflected towards the lesser solid angle B\ A similar effect 
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Thft nAmsHK tn Ik «inwB finm 
cTMai mmut yntnUiflr fbrce wtedi 
fitfuul ^ port 'iif ici auftKalssy 
wine n thin fi»r«» ? We sUI 
to efluMHHse (boB tke xni of t&e crufeiC; 
#taidk poiitf ^f inafaflee Acre be libera & fas Xl'^ 
zim, ami ri«pr««»CBur ici piaitioa m die ficat 
pfHMcit iki ^yA^ an tbe pfaeBrxnc 
4«uMaie4 fr^>m diat fine a iipififii 
ccftaiik MMifef 4^ hnBOHOi poiticiej 
hr^a^ it« (finMtKo. Tkit force afantfi 
fceigagce tiie^ are ahfap fammd <» tbit ade of 
niiatever aaigrfe of iKiikace tfcer 




\jfit n^ fr&^w ap tfais Hka, wUdb docs aot jfipcar mwftimil 
t#> tfa^ few <4)fenatioa§ that have bcca ■nifj awl to vniAr it by 
a direet expernoent, let us divide the ajstal bf two pfanes per* 
pendiotlar to iu ax»^ ^Fi^. 216.) lo ai to fera two wew bea 
ate, JHcj fmUtl to each other. Now if we «firect a nj 5/ 
p^rpendjcnlaHj to those faces, it wHl pmetrate dwm m a iGiectioa 
frarailel to the ptimiuwe axis of the crjslaL Suppoang dieii thil 
the repuUive force emanatts from that axis, it will be wotfaiB|^ in tlib 
ca^e^ and the incideot rajs wiD not be separated. This isj in bet, 
what take» place : there is in diis case bat one ima^. 

It h even founds in making the experiment that the image 
rirma'm^ single when the second fiice of the plate is indined to the 
z%U, provided the first be perpendicnhur to it, and to the iniodent rajs. 
lliiA would happen^ for instance^ if onlj the first solid angle A of 
tb'; primitivi5 rhombfiid were taken off. The incident ray 5/ wouU 
continue its progress parallel to the axis, as before^ and on emerg- 
ing from the iiecoml surface, it would be refracted in one sii^ 
direction, according to the law of ordinary reaction. Hoice, we 
may conclude, conversely, that an incident ray RT, which passed 
out of air into such a prism under the proper angle of incidence^ 
would be refracted in one single ray parallel to the axis, and emerge 
tit / ill the same manner. This again is confirmed by experiment. 
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tf, afler having cut a rhomboid in the manner described, the eye be 
applied to the face which is perpendicular to the axis, so as to re- 
creive only the rays which arrive in that direction, all the images of 
cxteroal objects will be single; the^ only undergo at their edges 
"the diffusion which belongs to the general phajnomeiion of the de- 
composition of light by the unequal refractions. 

But if the repulsive force, which produces the extraordinary 
refraction, really emanates from the axis, aa the phatnomeua seem 
to indicate, it cannot disappear, except when the incident ray is 
parallel to the axis. The section, then, which we have described, 
is the only one in which a crystal prism can give a single image : 
this again is confirmed by experiment, and we might avail ourselves 
of this character, to find the position of the axis in any piece of 
Iceland spar, not in the primitive form. 

To retUTD to our plate with parallel faces, cut perpendicularly 
to the axis. We have seen that the rays are not separated when 
they are incident perpendicularly ; but when they enter obliquely, 
they ought to be separated, since they then form a certain angle 
^th the axis, from which the repulsive force emanates. This is 
really what takes place; and moreover, for equal angles of inci- 
dence, the extraordinary refraction is the same on all sides of the 
axis, which shows that the repulsive force acts from the axis 
equally in all directions. 

Many other crystallized substances, very different from the 
Iceland spar, exhibit like it a certain single line or axis, round 
which their double refraction is exerted symmetrically, being in- 
sensible for rays parallel to that axis, and increasing with their 
inclination to it, so as to be strongest for those which are at right 
angles to the axis. Crystals thus constituted are called crystals 
with one axis. For instance, quartz, commonly called rock crystal, 
has an axis parallel to the edges of the hexahedral prism, under 
the form of which it is generally found. But there is between its 
double refraction and that of the spar, this capital difference, ob- 
served by M. Bht, that in the spar the deviation of the extraordinary 
rays from the axis, is greater than that of the ordinary, whereas 
in quartz crystals it is (ess, AH crystals with one axis, that he 
I examined, have been fouud to possess one or other of the^t; 
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modes of action, whicb has occasioned their distioction^ bj him^ 
into crystab of attractive and repuhive double refraction; these 
denominations, which express at once the phenomena, are usefbl 
in innumerable cases, to indicate how the extraordinary ray is dis- j 
posed with respect to the other, since it is only necessary afterwsirds 
to know the direction of the axis at the point where tlie refractioo 
and separation of the rays take place. The progressive and increas- 
ing separation of the rays, as their direction deviates more and more 
from the axis in each of these classes of crystals, may also be con- 
veniently expressed by saying, that the phaenomena take place as if 
there emanated from the axis a force attractive in the one class, 
and repulsive in the other ; which does not, however, imply a belief 
that such forces do actually exist, or are immediately exerted. 

There are, however, other crystals in great number^ in which the ' 
double refraction disappears in two distinct directions^ forming an ^ 
angle more or less considerable, so that rays are singly refracted 
along those two lines, byt are separated more and more widely as their 
incident direction deviates from them, crystals of this kind have been 
called crystals with two axes. In those which have hitherto been 
examined, it has been found that one of the refractions is always of 
the ordinary kind, as if the substance was not crystallized, whilst the 
other follows a law analogous to that of the crystals with one aids, 
but more complex, which will be afterwards explained. There are 
here, as in the simpler case, two clashes distinguished by attractive 
and repulsive double refraction. No crystals have as yet been dis- 
covered, possessing more than two directions of single refraction, I 
except indeed those in which it is single in all directions, which is , 
the case with those of which the primitive form is either a cube, or i 
a regular octohedron*. 



The general circumstances which characterise the phaenomenon 
of double refraction, being thus recognised, its effects must be 
exactly measured in each class of crystals, in order to try and dis- 
cover the laws of it. In order to this, there is no better plan to be 



♦ This important remark of the connexion between the primitive form 
of a crystal, and its single or double refraction, is due to Dufay, who was 
likewise the discoverer of the distinction between the vitreous and resinous 
electricities. 



pursued, than ttf cut them into plates, or prisms in different direc- 
tions, relatively to the axis, to observe the extraordinary refractions, 
under different incidt^nces, and endeavour to comprise them in one 
geoei-al law. This Huyghens has done for Iceland spar. The 
empiric law inferred by him, has been since verified by Dr. Wollaston, 
and subsequently by Mains, by muans of direct experiments, which 
have confirmed the exactness of it. M. Biot has made similar experi- 
ments with other crystals of both classes, by means of a very simple 
apparatus^ which affords very exact measurements of the deviations 
of the rays, even in cases where the double refraction is very weak. 
Aa observations of this kind are indispensable, as the foundations of 
all theory, it will be as well to give here a detailed description of the 
apparatus. 

It consists principally of two ivory rulers AX, AZ, (Fig, 217) 
<UvIded into equal parts, and fixed at a right angle. The former, 
AX, is placed on a table ; the other becomes vertical. A little pillar 
Hh, of which the top and bottom are parallel planes, is moveable 
d.ong AXj and may therefore be placed at any required distance 
ftom AZ. 

Tliis disposition is sufficient, when the extraordinary refraction 
to be observed takes place in the same plane as the ordinary, which 
we have seen to be the case under particular circumstances. As this 
is the simplest case, and is all that is necessary to understand the 
method, I will explain it first. 

If the substance to be observed, had a very strong refracting 
power, it would be sufficient to form a plate of it with parallel sur- 
faces, upon which experiments might be made in the manner about 
to be described ; but this case being of rare occurrence, we will sup- 
pose, in general, that the crystal is cut into a prismatic form, to 
make its refraction more sensible; it is even advisable to give tlie 
prism a very large refracting angle, a right angle, for instance, which 
has the particular advantage of simplifying calculations. As, how- 
ever, the rays of light cannot pass through both sides of such a prism, 
of any ordinary solid substance placed in air, being reflected at the 
second surface, there must be fixed to this surface, represented by 
CD in Fig. 218, another prism, or parallelepiped of glass CFED, 
■ .which the refracting angle JD, is nearly equal to the angle C 
Y 



of the crystal prism, so tljat the faces CB, DE of the cryalfil and 
glass, may be nearly parallel. The two prisms are to be joined 
together, by heating them, and melting betvreeci them a few grains 
- of very pure gum-maatic, which on being pressed, will spread into 
3 very thin transparent layer. This, when cooled, will be quite suf- 
ficient to make the prisms cohere together veiy strougly, and to let 
the rays pass from one into the other. 

The double prism is to be placed on the pillar Hh, as in the 
Figure, and the observer is to look through it at the vertical scale 
AZ. This scale will appear double, the ordinary and extraordinary 
image being, in the simple case here considered, in the same vertical 
line. Now whatever be the law of the tM'o refractions, the corres- 
ponding lines of the Iwo scales seen, are never equally separated in 
all places, so that if ir. one part the separation amounts, to half a 
degree of the scale, a little further on it will be a whole degree, in 
another place a degree and a half, two degrees, and so on. If, for 
instance. No. 451, of the extraordinary division, which we will 
represent by 451;, coincides with No. 450, of the ordinary (450g)» 
so that here the separation of the images is of one degree, it will 
perhaps be found that 502, falls on 500^. This shows that the 
exiraordinary rajs coming from 502, enter the eye together with the 
ordinary from 300, and since the glass prism can produce no effect 
beyond simple refraction on these rays, it is certain that the rajs 
from 500q and 502^, must coincide at iheir emergence from the 
crystal. This condition furnishes a very accurate method to verify 
the law followed by the extraordinary rays in the crystal. In fact, 
the directions of incidence of the two pencils may be determined, 
since one of them EI, proceeds froru the point E of the scale, of 
which the place is known from the graduation, and arrives at the 
point of incidence I, the position of which is also delermioed by ihe 
known height of the pillar Hli, aud its position on the horizontal 
scale. There are similar data for the other Oi, which undergoes 
only the ordinary refraction, whether its point of incidence be sup- 
posed the same as that for ^I, or whether the small distance of those 
points be estimated by calculation, taking into account the thicknesi 
of the crystal prism, as will be hereafter mentioned. 

Now if the ordinary refracted pencil 0/ be followed tbrodgh 
the crystal, which may be done by the common law of refraction, it 
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may be traced to its emergence from the second surface CD. Thus 
it will only remain to calculate the position pf the extraordinary 
pencil, which should enter the crystal by the same surface, ac- 
companying the exterior ray J'' J'; and following back this pencil 
through the prism^ to the first surface by an assumed law^ for the 
extraordinary refraction, it will be seen whether it coincides^ as it 
ought, with the incident pencil EI, . It is not irrelevant to remark 
that this condition, and indeed every part of the observation, is quite 
independent of the greater or less refracting power of the glass prisoQi 
CDEFf which setves merely to receive the rays refracted into the 
crystal, and make their emergence possible. 

In the above instance^ I have supposed the crystal to be cut so 
that the extraordinary refraction took place in the vertical plane, 
like the ordinary : that is the simplest case ; but when there is a 
lateral deviation, I place perpendicularly to the vertical division^ a 
divided ruler RR, (Fig. 219,) which is fixed at the point from 
which the refracted rays proceed. Then there are observed certain 
lateral coincidences on the scale of RR, on each of the vertical 
rods, if the direction of the point or line of incideuce be marked on 
the first surface of the crystal^ by a small line drawn on it, or by 
means of a little strip of paper stuck to it^ to, limit the incidence 
of the rays of which ibe common incidence is observed. 

Similar means are used to fix the heights of the points of inci- 
dence on the crystal) when the coincidences are observed on the 
vertical I scale, but then the edge of the strip of paper must be ptit 
horizontal. 

One may even observe the coincidences on the horizontal scale 
AX, on which the pillar stands. Then the places of incidence on 
the crystal must be limited as before. 

One of the data of the calculation must be the ordinary refracting 
power of the crystal. This may be measured by observing on what 
line of the horizontal, or vertical scale another line falls, which is 
observed by ordinary refraction through the double prism, or through 
a crystal prism of a smaller angle/ without a glass one. One may 
even see whether the ordinary refraction /ollows, in all cases, the law 
of the proportionality of the sines. 
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It is necessary to make the edge of the crystal prism as sharplA' 
possiblej in order that the corrections made for its thickness be 
inconsiderable. In fact the best way of making the observatioi^ 
when it can be done, is to let the rays pass actuaHy through the 
edge, for then the two refracted pencils have but an infinitely amatt 
apace to pass through, before they emerge together. For a simikf 
reason, the pillar should, in the experiments, not be placed very neat 
the vertical scale, on which the coincidences are observed, becauM 
the corrections for thickness, which are nearly insensible at moderalC 
distances, might become more considerable. 

Besides these precautions, the faces of the prisms s)iould be 
ground very smooth, and plane, and their inclinations should be ac- 
curately determined, by the reflecting geniometer. Moreover, it if 
necessary that the direction in which the prism is cut, relatively to 
the axis, or axes of the crystal, should be accurately known ; in order 
to which these axes should be previously determined, either by im- 
mediate observation of the directions iu which the reflexion is single, 
or by inferences drawn from the experiments themselves, or bj 
other processes that will be hereafter detailed. By following these 
rules, the observer will be, I believe, perfectly satisfied, as to the 
nicety and accuracy of the mode of esperiment. These advantages 
are derived from the multiplicity of the coincidences, seen on the 
doubly-refracted scale. The alternate superpositions and separa- 
tions of the lines of division produce, if I may so express myself, 
the effect of verniers, and enable one to judge with extreme precision, 
of the point where the coincidence is most perfect. 

Suppose then, that by this, or some analogous process, we have 
determined for some given crystal, the deviation of the rays in 
different directions round the axis, it remains to find out the general 
law, which regulates the ph^'nomenon in all cases. This Huyghens 
has done, as has been before mentioned, for crystals with one single 
axis, by means of a remarkable law that he connected with dm^ | 
system of undulations: but this same law has since been dediM 
by M. Laplace, from the principle of material attraction. 

If light is to be considered as a material substance, the refrac- 
tion of its rays must be produced by attractive forces, exerted by the 
particles of other bodies on the luminous molecules, forces which 



th dmi I 
:d«4 



*iih be sensible only at very minute distances, and which are therefore 
<]uite analogous to those which are exerted in chemical affinities. 
It follows, thitt when particles of light are at a sensible distance 
from a refracting body, the effect they experience from it is quite 
inappreciable, ao that their natural rectilinear direction is not altered ; 
they begin to deviate from this direction only at the moment when 
they are in the immediate vicinity of the refracting surface, and the 
action takes place only for an infinitely shoit period of time ; for 
as soon as the particles have penetrated within the surface to a 
distance ever so small, the forces exerted on them by the moleculet 
of the medium become sensibly equal in all directions, so that the 
jiath of the light becomes again a straight line, though different 
from the preceding. It is therefore clear that the curved portion of 
the path being infinitely srtiali, it must appear to consist, on the 
whole, of tno straight lines forming an angle, which, in fact, is quite 
conformable to experience. But for the very reason that the curve 
is not perceptible, it is useless to seek, from experiment, any notions 
of its form that might lead to a knowledge of the laws which pro- 
duce it, as observations on the orbits of the planets have led to 
a knowledge of the laws of gravitation. We must therefore have 
recourse to some other characters derived from experiment. 

Newton has succeeded in the case of ordinary refraction, by 
considering each luminous molecule passing through a refracting 
surface, as acted on before, during, and after its passage, by attrac- 
tive forces sensible only at very small distances, and emanating from 
all parts of the refracting medium. This, definition specifies nothing 
as to the law of the attracting forces ; it allows us only to calculate 
their resultant for any distance, and to suppose that they become 
evanescent when the distance is of sensible magnitude. Now these 
data are sufficient to calculate, not indeed the velocity of the 
molecules in their curvilinear motion, nor the nature of that motion, 
but only the relations of the final velocities and directions, which 
enaue, either in the medium or out of it, when the distance of the 
luminous molecules from the refracting surface is become so con- 
siderable that the trajectory is sensibly rectilinear, which will 
comprehend all distances that \vc can observe. 

For extraordinary refraction, we have not the advantage of being 
lie to define the origin of the molecular force, nor the manner in 
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or al kait yfal^iaj be mppoicdl, 
<iff 1%U » adcipled, tf dnc tke fofcei^ ■h^inlhcy saj be,vUdk 
act oa tke ravi of lichl, is ikcae as ia other linainiiiani an 
attractive or refadsve, or both, aad canaiie Irhb tke axei of &e 
crrftaL Now ia all catca vfaea a aniefial fw il ii l f, is aaljiected to 
tfae adioo of fach fonoea, ks aaotioa is ■Ajrcted to a geaeral a»- 
chanical eoadhkio caUed tke ftimafU tf kmti mcUwrn^ ikppIjiBg 
tlii» piia^fie here, aad joiaia^ the paitiralar coaiiitina that the 
forces are seasibie oalj at iascasiMe distaaces^ M. Laplaoe has de- 
duced two equatioBS which detenaine coaiplrtelj aad geneiaDj the 
direction of the refracted raj for each givea directioa of iaddeacey 
when you know the law of the fiaal TekxitT of the huaiaovi 
molecules in the interior of the median^ at a aeaaibie distmoe 
from the refracting surface. 

In the case of ordinary refraction the final velocity is constaat; 
for the deviation of the ordinary ray u the same in a given sub- 
stance in whatever direction the experiment be made, provided tiie 
angle of incidence and the nature of the ambient medium be no- 
changed. Accordingly if the interior velocity is supposed to be con- 
stant, the equations deduced from the principle of the least actioDf ^ 
show that the refraction takes place in the same plane as the inci- 
dence, and that the ratio of the sines is invariable, as it appears to 
be from all observations hitherto made. 

Reasoning by analogy^ it appeared natural to suppose that fbe 
extraordinary refraction was produced by a velocity varying accord- 
ing to the inclinaUon of a ray to the axes of the crystal. Nov 
taking at first crystals with one axis^ we have seen that the extra- 
ordinary refraction takes place symmetrically all round the axis^ 
tliat It disa|)pears wheii a ray lies along the axis, and is at its maxi- 
mum when they are at right angles. We must then, in the case of 
these crystals, limit ourselves to the laws of velocity that satisfy 
these conditions. M. Laplace has tried the following: 

V^rrzv'+K sin 0\ 
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I there v represents th'e ordinary velocity, V the extraordinary, 
; J Ae angle between the extraordinary ray and the axis, and K is 
.a coefficient which is constant for any one given crystal. Intro- 
ducing this law of the velocity in the equations of the principle of 
bast action, he ^obtained immediately Huyghens^s law. This law 
had been completely verified only for Iceland spar^ but M. Biot 
has found it true for quartz and beril ; only the coefficient K is 
positive in crystals of attractive double refraction, and negative in 
the others. Its absolute value is different in different substances, 
and it ia even found to vary in specimens of the same mineralogical 
ipeciea; but with these modifications it is probable that the law 
applies equally to all crystals with one axis. 

As to .those having two axes, it is clear that the extraordinary 
Telocity V must depend on the two angles Q and & made by the re- 
fracted ray with the two axes. Analogy leads us to try whether the 
square of the velocity V cannot be expressed here also by a func- 
tion of the second degree, but more general, that is, depending on 
both the angles ; now in such crystals the refractions become equal 
wbeip tbe ray coincides with one or the other axis. This proves 
that the « ordinary velocity must then be equal to the ordinary. 
This condition limits the generality of the function, and reduces it- to 
the following form: 

r* =:i;' + K. sine. sin d', 

that is, there must remain only the product of the two sines. In- 
troducing this formula into the equations of the principle of least 
action, the path and motion of the rays is found for all cases^ and 
it remains only to try whether it is conformable to experiment. 
M. Biot lias done this for the white topaz which has two axes of 
double refraction^ and the formula agreed perfectly with observa- 
tion. One may, besides, judging by other phaenomena that will be 
herealter indicated^ be convinced that the same law applies to 
other crystals with two axes on which experiments have not yet 
been made; and it is highly probable that it is universally 
Applicable. 

It may be remarked that the general law cont][>rises.Huyghens's 
as a particular case, for crystals with only one axisj considering these 
a& having two axes which coincide, for then 9 and & become equal, 
and the equation for F contains tbe square of sin 0. - 
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ll will be seen farlhei on ihat tlie same analogy extendi i 
tntfaer species of action that crvstallized substances exert OilJ 
will be explained in ll)e following article. 

Polarisation of Light. 

Tlie polarization of light is a property discovered by 1 
which consists in certain affections that the rays of light s 
being reflected by polished surfaces, or refracted by these su 
faces, or transmitted through substances possessing doub) 
iction. 

Though it would be impossible here to give a complete e 

of the details of these phsnomena, we will at least defl 
le of the experiments by which they may be exhibited. 

Tlie first and principal of these consists in giving to light 4 
ditication, such that the rays composing a pencil will all i 
reflexion when they fall on a reflecting surface undei 
cumstaiices. 

As an instance, suppose a beam of sun-light SI (Fig. 220.j| 
un the tirst surface LL of a plate of glass, smooth but not 8il«| 
making with the surface an angle of 35° 25' : it will be refl 
in the direction //', making the angle of reflexion equal to IJ 
incidence. Let it then be received on another plate of 1 
smooth but unsilvered, like the former ; generally speaking itl 
be again reflected with a partial loss. But the reflexion will | 
altogether if the second glass be placed like the lirst, at an an^ 
35° 25' to the tine 7/', provided also it be so turned that the si 
reflexion take place in a plane Il'U perpendicular to that 
first, SIL. 

In order to make this disposition of the glasses 
intelligible, we may imagine that //' is a vertical line, that /fl 
north and south, and I'L east and west. 

Before we enter upon the inferences to be drawn fronu 
remarkable experiment, 1 will make a few observations on theq 
ner of performingWt conveniently and accurately. * 

Many kinds of apparatus may be devised to attain this'i 
That which M. Biot usually employs, is represented io Fig. J 




^^te^y aimple. and is autliciein for all experiments on poUriza- 

It consists of a tube TT', to the ends of which are fised 

collars which turn with sullicient friction to keep them faat in 

losition. IDach of them bears a circular division which marks 

es. From two opposite points of their circumference proceed 

brass stems I'F, TV, parallel to the axis of the tube, and 

I them ia suspended a brass ring AA, which can turn about 

us XX perpendicular to the common direction of the stems. 

motion of the ring is likewise measured by a circular gradua- 

ttnd it may be confined in any position by screws. When a plate 

■sa is to be exposed to the light, it must be fixed on the surface 

le ring; then it may be placed in any situation whatever with 

ct to the rays of light which pass through the tube; for the 

r, turning circularly round the tube, brings the reflecting plane 

sil possible directions, preserving a constant inclination to the 

and this inclination may be varied by means of the proper 

Hi of the ring round its axis XX. The graduated circle 

b regulates this motion should mark zero when the plane of 

s perpendicular to the axis of the tube, and the divisions 

two collars should have their zeros on the same straight 

tarsllel to the axis. In constructing the apparatus gne should 

fee care that these conditions are fulfilled; but it is of no great 

Qnseqnence that they be so exactly, as any error may be coiu- 

ensated by repeating each observation on both sides of the axis, 

nd taking the mean of the numbers of degrees found in the V/ta 

^posite positions. 

If it be desired] for instance, to repeat Malus'a experiment 
escribed above, a plate of glass must be placed on each ring, 
od they must be disposed so as tu be inclined to the axis at angles 
rs^" 25'. Then the graduated circle of one of the collars must 
e brought to mark zero, and the other 90", that the planes of rc- 
exion may be perpendicular to each other. The tube must then 
« secured, and a candle placed at some distance in such a pasi- 
ion thai its rays may be reflected by the glass along the axis TT. 
Phis will happen when on looking through the tube the reflexion 
if the candle is seen in the first glass. Every thing being thus 
iranged, the reflected rays will meet the second glass iit the same 
de of 35" 25'; then according to the different positions given 



l^e of 35" S; 
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> the collar S"!" which carries thig glasfl, the Hgbt procea 
from the second reflexion will be more or leas intense^ aod i 
will be two particular positions id which there will be no nyf 
fleeted at allj of those at least which are regularly reflected Ij~ 
first glass. Care must be taken to put a dark object befai^ 
glass L' U OD the side opposite to the reflected light, in i 
tercept the extraneous rays which might be sent on this aide J 
exterior objects, and which, passing through the glass, and ary 
at the eye, would mix with the reflected rays that are the 
of the observation. The snnie precaution should be taken I 
glass LL ; and indeed as this is never used except to reflecy 
at its first surface, the back of it may be blackened once for a 
Indian ink, or smoked over a lamp; it would not do to silw 
for a reason that will be given hereafter. 

For the light of the candle mentioned above may be subslitufedF 
that coming from the atmosphere, which may be received into thsj 
tube when reflected by the first glass LL; but in this case to pi^L 
serve to the rays the precise inclination required for the phenome- 
non, the field of the tube should be limited by some diaphravmi 
with very sqiall apertures placed inside it. The first glass should 
be blackened or smoked as before mentioned to intercept any rajif 
that might come by refraction from objects situated under it. Ilf 
this manner, on looking through the tube, when the glass ZLilf 
turned towards the sky a small brilliant white speck will be seen, onf 
which all the experiments may be made. The perfect wbitenesi! 
of this spot is a great advantage; it is an indispensable quali6ct-ib 
tion in many cases, where different tints are to be observed and ^ 
compared : it is impossible to succeed as well with the flame of t i 
candle or any other inflamed substance, as none of these flsiool 
are perfectly while. Lastly, the brightness of the incident light f 
must be moditied, so that the portion irregularly reflected by ibe l 
two glasses may not be sensible ; for this portion, being after such { 
reflexion in the state of radiant light, cannot be polarized in om [ 
single direction: the other part, which is regularly reflected, alone * 
undergoes polarization, and therefore alone escapes reflexion at Am ' 
second glass. 

Whatever he the nature of the apparatus employed, (he pro- 
cess will always be the same, and the same phenomena of reflenon 
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s observed on the second glass. To exhibit tlieni in a nie- 
»1 manner, which will allow us easily (o take them all in at 
, we will suppose, as above, that STL the plane of inci- 
bce of the light on the first glass coincides with that of the 
IVeridian, and that the reflected ray 11' is vertical. Thei} if the 
mllar T'T' which bears the second glass be turned round, tliis glass 
nill also turn all round the reflected ray, making always the same 
fengle with it, and the second reDexion will be directed successively 
bo all the different points of the horizon: this being |>remised, the 
phfcnomeoa that will be observed are as follows : 

When the second or lower glass is placed so that the second 
Fcflesion takes place in the [>lane of the meridian like the tirst, the 
intensity of the light finally reflected is at its maximum. As this 
gHasa is turned round it reflects less and less uf the light thrown 
4Hi it. 

Finally, when the lower glass faces the east or west point, the 
tight passes altogether through it without being reflected at either 
narfoce. 

[f the collar be tamed still farther round, the same phenomena 
recur in an inverse order, that is, the intensity of the light re- 
flected increases by the same degrees as it before diminished, and 
Mttains the same maximum state when directed towards the meri- 
dian, and so on through the whole circle. 

It appears then, that during a whole revolution of the glass the 
intensity of the reflected light has two maxima answering to the 
iazimuths and ISO**, and two minima answering to 90" and 270**. 
Moreover, the variations are quite similar on diflTerent sides oF these 
positions. These conditions will be completely satisfied by sup- 
posing, as Mains does, that the intensity varies as the square of the 
cosine of the angle between the first and second planes of reflexion. 

The results of this interesting observation being thus collected 
into one point of view, we may draw this genera! consequence 
from them, that a ray reflected by the first surface is not reflected 
by the second, (under a particular incidence) when it presents its 
east or west side to the surface, but that in all other positions it is 
more or less reflected. Now if light be a matter emitted, a ray 
£4igbt can be nothing else bnt the rapid succession of a series of 
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m(^ecv1«s, snd die sides of it are on); the different sides of diw 
molecules. We must therefore necessarily conclude that these bm i 
faces endowed with different physical properties, and that in tk 
present case the tirat reBexion turns townrds [he same point of 
space, faces, if not similar, at least endowed with similar propertict.' 
This arrangement of the molecules Malus denominated the Polar- 
ization of' light, assimilating the operation of the first glass to tfaU ' 
of a magnet which turns the poles of a number of needles all in (be 
same direction. 

Hitherto we have supposed that the incident and reflected riji < 
made angles of SA" Sj' with the glasses : it is indeed only 
that angle that the phfenomenon takes place completely. If while 
the first glass remains fixed, the inclination of the second to tk 
ray be ever so little altered, it will be found thai the second reflei* 
ion will not be entirely destroyed in any position, though it will atiU 
be at a minimum in the east and west plane. If again, the inclim- 
tion of the ray to the second glass being preserved, that on the fint 
be changed, it will be seen that the ray will never pass entirely 
through the second glass, but the partial reflexions which take plac* 
at its surfaces are at a minimum in the above-mentioned position. 

Similar phienomena may be produced by means of most trMH* 
parent substnnces besides glass. The two planes of reflexion mutt 
always be nt right angles, but the angle of incidence varies wiA ihe 
substance. According as the refracting power of this is greater or 
less than that of ihe ambient medium, the angle of polarization, 
measured from the surface, is greater or less than half a right angle. 
We have seen (hut for glass this angle is 35" 0,5': for sulphate of 
barytes it is only 32°, and for diamond only 23". If glass plates be 
placed in essential oil of turpentine which has a refracting power 
almost exactly equal to that of glass, the angle of polarization will 
be found to dift'er very lilile indeed from 45°. The reflexion at ihe 
second surface is supposed to take place on the ambient medium 
which bounds Ihe glass. In general, according to an ingenious 
remark of Dr. Brewster's, the angle of polarization is characterized 
by the reflected raj being perpendicular to the refracted. The 
angles calculated on this hypothesis agree singularly well wilh expe- 
riment, and also confirm the rule given above for the different mag- 
nitudes of them, as will easily appear from Figs. 222, 9,23, and 2H, 



wkicb the refracting power is supposed tobe respectively greater 
1 unity, equal to that number, and less than it. 

, This law applies equally well to substauces which, like the 
■mond and sulphur, never produce more than an incomplete 
PlarizBtion, for the quantity of light reflected is invariably a mini- 
dim for the angle bo determined. 

If the mode of observation which we have applied to smooth 
glass plates be universally employed, it may serve to show that 
polarization when complete is always a modification exactly of the 
same kind, for all substances: for when a beam of light has been 
ODCB polarized, it will equalty pass through all substances, with the 
exception mentioned above, provided each be presented to it under 
its proper angle, and whatever be the nature of the first or second 
substance employed, the variation of intensity in the light after the 
second reflexion is always subject to the same laws. 

To represent these circumstances geometrically, let us consider 
• ray 11' (Fig. 235.) polarized by reflexion on a glass plate LL, 
rand through any one of the molecules composing it, let there be 
I three rectangular axes cz, ex, ct/, the first coinciding with 
e ray, the second in the plane of reflexion SIC, the third perpeu- 
icular to both the others. Then when the ray //' meets a second 
a L'L' placed so as to produce no reflexion, the reflecting forces 
bich emanate perpendicularly from the glass, must be perpen- 
^ular to the axis ex; moreover tliey must act equally on molecules 
iDg towards ex, and towards ex', for if the glass be turned a little 
p)in the position of no reflexion, the effects are found to be sym-; 
Htrical on all sides of that position. The action, therefore, of 
Me reflecting forces, in this position, cannot make the axis xcx' 
fra either to the right or left, any more than the force of gravity 
1 turn a horizontal lever with equal arms. They cannot bring 
e axis into their own plane, in which we see it was in the first 
jflesion, by which the polarization took place on the glass LL. 
;liis proves that it is on that axis that the properties of the lumi- 
tous molecules depend. We will for that reason call it the axis 
^ polarization, and suppose its direction similar and invariably 
etermined for each molecule. Farther, for the sake of conciseness, 
^,<;!ill cZ the axis of translation; but we do not suppose this 
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That of sbgle-axed crystals has been studied by Malos, who 

CfMnprised its effects in the following law. When a pencil of ligM 

urally emanating from a luminous body, passes through a sieg^ 



|ied crjistal, aiiH is divided iiiio two pencils having different direc- 
fsna, each of these pencils is polarized iu one single direction; the 
dlKiry one in the plane passing through its direction and a line 
Mraltel to the axis of the crystal, the extraordinary one perpendicu- 
■rly to a plane similarly situated with respect to its direction, 
Bilher of these rays, when received on a plate of glass after its 

nergetice, shows all the characters of polarization that we have 

Escribed. 

This law subsists equally, when the ray has been polarized by 
reflexion before its passage through the crystal. The two refracted 
pencils are always polarized, as if they had been composed of direct 
rays, but their relative intensities differ according to the direction 
of the primitive polarization given to them; this direction must 
therefore have predisposed the particles to undergo in preference 
one or other of the refractions. 

These two laws were discovered by Mains. The analogy re- 
marked above, between the single and double-axed crystals indicates 
iBofficiently how it is to be extended to the latter; to find the 
direction of polarization for the ordinary pencil, draw a plane through 
its direction, and through each of the axes of the crystal. If 
either of these axes existed alone, the ordinary pencil would be 
polarized in the plane belonging to it. Now it is really found 
polarized in a plane intermediate to those two, and the extraordinary 
pencil perpendicularly to the analogous plane drnwn through its 
direction between the two planes containing the axes. If the angle 
between these be equal to nothing, the crystal is single-axed, and 
Uie direction of polarization is conformable to Malus's indications : 
diis law has been directly verified on the two pencils refracted by 
the topaz; as for other crjstals in which it has not been possible to 
verify it directly, we may, by the consideration of some other 
phtenomena that will shortly be mentioned, judge that it applies 
to them also. 

These laws of polarization are applicable iu all cases where the 
two pencils transmitted by a crystal are observed separately, but 
when they are received simultaneously, and in nearly the same 
direction, that of their apparent polarization is found to be modified, 
aod at the same time their coincidence produces certain colours^ 
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tbear ooieora, is lo plar« ■ thai houna of *ome crysiallized^ubi g 

staacc, IB the dimrDoa of ■ white nj, prenou^ly polarized 1^ ^ 

reAenoa, *mi lo wx l ja e the tnasniiiled light bv means of a doubl< ^ 

rafncU^ prism. Tlw l^t is tboa separated into two portiom* t ^ 

wkicb the coloon are complemenUir to each other, and identiei p« 

with iboae of (be ra^ between two glasses. One of these porMH y 

a^wars to have preserfed its primitite poUrtzatioQ. whilst the odiM ^ 

exbtbila a new polariatioa, of which the direction depeuds od tlM g 

gtten lo the axes of ibe cnstal bv turning the lamina round in tt ^ 
awn plane. 

FoUowii^ gradually id tlus manner the directim of the polaitfl 
zalion given to a motecuk: of light, tranamitled tlirough diffen 
ihicLncsses of a cnrslalliue medium, it will be found lo uude^ 
perio<]ica) alternations, which, if fight be a tnalter emitted, indicat 
3D oscillalon- motion of the axes of the molecules accompanpi 
their progressive motion. M.Biot has designated this fact by tl 
name of mailable polarization^ which is merel; the expression A 
results observed. 



If the svslem of midulatioiis be adopted, the colours of llie I 
images maj be attributed to the interference of the two pen 
into which the incident polarized light separates, in passing throB 
the lamina. This is what Dr. Young does, and it is remarkable 
that calculations founded on this principle gave him the nature of 
the tints, and the periods after which they recur, precisely u 
M. Biot had determined them by expeiiment. As to the alter- 
nations of polarization, they become, in the undulation system, a 
compound reeult produced by the mutual influence of the interferii^ 
rajs, and it is easy to deduce from observation the conditioiH to 
-which the mixture of the waves must be subjected to produce the 
new direction of apparent polarization. M. Fresnel has done thii^ 
and the indications of his formula; have been found conformable in 
all respects to the laws deduced by M. Biot from observation. 

These interferences of the rays may be produced wilhuul tbe 
assistance of crystalline lamiuie; we may equally employ thick 
plates, provided llie mys pass through them at very small incli- 




latioDs to their rrystalliiie axes. IT tlie experiment be made with 
conical pencil of light, large enough to give the various rays com- 
posing its inclinations sensibl}' different to the axes, ao that the}> 
experience double refractions sensibly unequal, these raya, analyzed 
after they emei^e, offer different colours united in the same system 
of polarization; and the union of theae colours forms round the 
axes coloured zones, the configuration of which indicates the system 
of polarizing action exerted by the substance under consideration. 
This kind of experiment is therefore very proper to exhibit the 
axes and to indicate the mode of polarization with which any given 
rabstance affects the rays. 

Upon the whole, the interferences of polarized rays offer very 
remarkable properties, many of which have been discovered and 
inalyzed by Messrs. Arago and Fresnel with great ingenuity and 
considerable success, but as the limits of this Work do not allow of 
1 full exposition of them, I will only cite one, which is, that rays 
polarized at right angles do not affect each other when they are 
iDHle to interfere, whereas they preserve that power when they are 
polarized in the same direction. It is not only crystalline bodies 
dmt modify polarization impressed on the rays of light : Messrs. 
Ualus and Biot found by different experiments made about the 
nme time, that if a ray be refracted successively by several glass 
Jilates placed parallel to each other, it will at length be polarized in 
we single direction perpendicular to the plane of refraction. 
Ualus, by a very ingenious analysis of this phenomenon, has more- 
over shown that it is progressive, the first glass polarizing a small 
portion of the incident light, the second a part of that which had 
escaped the action of the first, and so on. M. Arago, measuring 
die successive intensities by a method of his o\vd invention has 
ihown thai they are exactly equal to the quantity of light polarized 
in contrary directions at each reflexion. A phenomenon analogous 
to this is produced naturally in prisms of tourmaline, which appear 
to be composed of a muUilude of smaller prisms, united together, 
but without any immediate contact. All light passing through one 
of these prisms perpendicularly is found to be polarized in a dircc- 
T tion perpendicular to the edges, so that if two such prisma be 
placed at right angles, on looking through them a dark spot is seen 
where they cross. This property of the tourmaline affords a very 
convenient meliiod to impress on u pemil i>f rays a polarization in 
A A 
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Moreover, M. Biot has discovered that certain solid bodieij 

ind even certain fluids, possess the faculty of changing progresaiv^ 

kipolarization previously impressed on rays passing through thenj | 

Lwid fay an analysis of the phenomena produced by those substances 

I ihe has shown that the same faculty resides in their smallest mole-( 

cules, so that they preserve it in all states solid, liquid, and aeri* . 

form, and even in all combinations into which they may happen tO< 

enter. M. Fresnel has found certain analogies between thes" pla- 

uomena and those of double refraction, which seem to connect the, 

' -two together most intimately through the intermciliation of toUl^ 

nrcflexion. t 

Since reflexion and refraction, even of the ordinary kind, modiry* 
h die polarization of light, we may expect to find this effect produced ' 

when rays of light are made to pass through media of I'egularly varyii^ 
^ensity. It is accordingly found that all transparent bodies which in 
raufficiently elastic to admit of different positions of their particles 
Lfound a given stale of equilibrium, as glass, crystals, animal jelliei, 
l/korn, &c. produce pha;noinena of polarization when they are coot- f 
Jressed or expanded, or made unequally dense by being considerably 
lleated and then cooled suddenly and unequally. These phxno- 
L, discovered originally by M. Seebeck, have been siuce studied 
:onsiderably extended by Dr. Brewster, who has moreover re- ' 
(Harked, that successive reflexions of light on metallic plates pro- 
Jduced phxuomena of colours in which both M. Blot and he hare 
recognized all the characters of alternate polarization. 

Knowing, by«whal has preceded, the experimental laws, accord- 

Aig to which light is decomposed in crystals endued with doubli^l 

refraction, we may consider these effects as proofs proper to cha- i 

pt'terise the mode of intimate aggregation of the particles of sucli I 

idies, and to give some insight into the nature of their crystalliiiel 

iicture. Light becomes thus, as It were, a delicate sounding i** I 

rument with which we probe the substance of matter, and which, I 

.insinuating itself between their minutest parts, permits us to studj \ 

Ittcir arrangement, at which Mmeralogisls previously guessed odIv 

by inspection of their external forms, M. Biot has shown the att 

, of this method, applying it to a nimierous class of minerals des^' 
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Ijpated by the general name of Mica, and he thinks he has decisive 
jeasons to believe that several substances of natures so extremely 
h^ifferent as to their composition an4 structure have been impro- 

ty comprised under that name. He has also made use of the 

lomena of alternate polarization, to conatruct w instrument 

lich he calls a cohrigrade^ which, producing in all ca^es the 

le series of colours in exactly the same order, merely by the 
iNture of its construction, affords a mode of designation just as 
^nvenient for comparison as that furnished by the thermometer 
Tbr temperatures. 

Many other experiments have been made, and are daily making; 
^^•ny other properties have been discovered in polarized light; but 
the limitf of this Work do not allow us to give any detailed account 
^f them, so that we have beeir obliged to confine ourselves to th^ 
isults^ which are^ perhaps not the most important part of the sub- 
it,^ but the easiest to explain ; our aim in this rapid sketch being 
tther to stimulate than satisfy the desire of knowledge on this 
ich of science which presents so vast a field for research both 
theory and experiment^ and which, though so lately discovered, 
already furnished some useful applications to Physics and 
ineralogy. 
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TABLE. 

Of the Refractioe and Dispersive Powers of differ' 

Substances, with their Densities compared with tht 

of Water, which is taken as the Unit. 



The substances marked (*) are combttslihle. % 

The refraction is supposed to take place between the given substance 
and a 



Chromate of lead (strongest). 

Realgar 

Chromate of lead (weakest). . 

• Diamond 

* Sulphur (native) 

Carbonate of lead (strongest). 

weakest 

Garnet 

Axinite 

Calcareous Spar (strongest). . 

——weakest 

*Oil of Cassia 

Flint glass 

another kind 

Rock crystal 

Rock salt 

Canada balsam 

Crown glass 

Selenite 

Plate glass 

Gum arabic 

'Oil of almonds 

'Oil of turpentine 



2.974 

2.549 

e.503 

2.45 

Q.I 15 

e.084 

1.S13 

1.815 

1.735 

l.()65 

1.519 

1.641 

1.616 

1.590 

1.562 

1.557 

1.549 

1.544 

1.536 

1.527 

1.512 

1.483 

1.475 



0.030 
0.04 

0.139 
0.048 

0.026 
0.053 
0.045 



S.4 

5.8 

3.521 

2.0S3 

6.071 

4.000 

3.213 



2.65S 
2.130 



2.642 
2.322 



1.452 
0.917 



.^li. 
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Table of the Refractive and Dispersive Powers oj 
different Substances, continued. 



Substance. 



Borax.... 

jSoliriiuric acid 

lor spar 

INitric acid 

[nriadc acid . 
f« Alcohol 

^te of egg. 

[Salt water 

[Water 

[Ice 



Air 

^Cbqrgen 

«ydrogen 

nitrogen 

[(Sarbonic acid gas 



^1 



i 

[ 



Ratio of 
refraction. 



1.475 
1.440 
1.436 
1.406 
1.374 
1.374 
1.361 
1.343 
1.336 
1.307 



Dispersive 
power. 



1.00029 
1.00028 
1.00014 
1.00029 
1.00045 



0.030 
0.031 
0.022 
0.045 
0.043 
0.029 
0.037 

0.035 



Density. 



1.718 
1.850 
3.168 
1.217 
1.194 
0.825 
1.090 
1.026 
1.000 
0.930 



0.0013 
0.0014 
0.000 1 
0.0012 
0.0018 
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ADDENDA 



The foUowing Articles should have been inserted ol the emd ef 

Chap. IX. 



Ramsden's Dynamometer. 

The magnifying power of a telescope of any constnictioD^ ex-^ 
cept Galileo^s, is easily found practically by means of an inttmmi 
invented by Ramsden the Optician^ the nature and use of whi< 
will probably be understood from the following account 

If an astronomical telescope, for instance, be directed to^ 
the HieavenSy and a sheet of paper held behind the eye-glass al 
certain small distance which will be easily discovered^ a bii^ 
clearly«defined circle will be observed, which is, in fact, an imagf 
die object-glassy or, more properly^ the edge of which is* an imagi 
of the rim of the object-glass, produced by the eye-glass. Tkl 
diameter of this circle compared with that of the object-glass gitei j 
at once the magnifying power of the instrument : for these diameten 
are as the distances from the eye-glass, one of which, namely, that of 
the object-glass^ is JP+l^ (Art. l66.)> and the other is easily de- 
termined by the common formula for the lens applied to this case. 
Calling it S, and observing to affix to each quantity its peculiar eigO} 
we have 

111 F 



Hence 



I r F+r FXF+F') ' 

F+F _ F 



Now — s — is the same as the ratio of the diameters of the 
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F . 
Aject-glass^ and its image on the paper; and -=, is by Art. 166^ the 

magnifying power of the instrument. Ramsden's invention consists 
of a thin plate of horn, a substance {H*eferabte%> paper^ on which 
fbe diameter of the bright circle is measured at once by means of 
ian accurate scale of equal parts drawn on it. . The observer has 
ionly to place the instrument so that the diameter of the circle shall 
imncide with the line on which this scale is marked. 



i« 



The reason why Galileo's telescope alone does not admit of the 
.use of the dynamometer is sufficiently obvious : the eye-glass being 
concave lens^ no image of the rim of the object-glass is formed 
it. 



The ^U of view of a telescope is determined in practice by a 
aimple observation. 

Any person at all acquainted with Astronomy is aware that the 
»parent motion of a star situated on the equator is at the rate of a' 
■Bute of a degree in four seconds of time. If then the telescope 
directed to a star on the equator, or very near it^ which will 
quite well enough for all usual purposes, we have only to 
re the number of seconds occupied in its passage across the 
of view^ and multiply this number by 4 to obtain in degrees, 
>^^mtautt of that field. 
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MISCBLLANEOUS QUESTIONS. 



I. A. LUMINOUS poiut is placed at the distance of 5 feetfroi 
a concave mirror of one foot radius ; to wbat point will the rayg b 
reflected^ 

3. In tlie above instance, determine the initial velocity of t 
focus, supposing the luminous point to advance towards the min 
at the ratio of £ feel per second. 

3. Supposing two rays inclined to each other at an angle 
one degree to fail nearly perpendicularly on a convex miiTor o 
which the radius is H feet, placed at 3^ feet from the point of 
tersection of the rays; what will be their mutual inclination a^ 
reflexion ^ 

4. A light is placed behind a .screen, at the distance of tm 
inches from a concave reflector of 9 inches principal focal lengdi: 
whence do the rays appear to proceed ? 

5. What is the extreme aberration when rays diverging from 
point fall perpendicularly on a convex mirror of 3 inches diameteTiJ 
and 10 inches focal lengthj at the distance of 30 feet? 

6. Supposing the focal length and aperture to be the i 
which gives the greater aberration, a concave mirror or a conJ 

7- A concave mirror being formed by the revolution of 
ellipse (whose axes are S and 2 feet), about the axis major, to 
point will those rays be reflected which diverging from the ceiil 
of the figure, fall on the circle whose diameter is the latus rectum f 

8. A small object is placed between two plane mirrors inclineil 
to each other, so that a perpendicular drawn from the object lo 
their intersection makes an angle of 5" with one, and of 19" willi 
the other; what is the number of images formed? 
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9* A straight tine is placed at the distance of 3 inches frofli 
a concave mirror of 9 inches radius : find the dimensions of Ai. 
image. ^. ^ 

1 0. Define the image of a portion of a parabola placed before 
a concave mirror^ and having the centre of the mirror for its focus « 

1 1 . There are three transparent plates A, B, C, bounded by 
plane surfaces. The ratio of refraction between A and B placed 
in contact is ^~, and between A and C 4* ; ^hat is it between 
B and C? 

12. A ray of light falls at an angle of 45^ on the plane surface 
of a refracting medium ; the ratio of refraction is -f- : what is the 
deviation ? 

13. What must be the refracting power of a transparent sphere 
in order that it may just collect parallel rays to a point an its 
surfiace ? 

14. At what distance from a luminous point should a convex 
lens of two feet focal length be placed, in order that the focus of 
refracted rays may be at the same cKstance on the other side of it ? 

15. What equiradial lens is equivalent to a meniscus^ the radii 
of which are 6 and 10 inches ? 

16. A double convex lens whose thickness is 3 inches and radii 
30^ and 9.0, is placed in air : what is its focal length? 

17- What is the focal length of a lens composed of water con- 
tained between two meniscus-shaped watch-^glasses, the radii of the 
surfaces being 5 and 7 inches^ and the thickness supposed incon- 
siderable. 

18. Supposing a diamond sphere to be just inclosed in a cube 
of glass, what would be the focus of parallel rays incident perpen- 
dicularly at one of the points where the surfaces touch f 

19< The caustic by refraction of a plane surface, for rays 
diverging from a point, is the evolute of an ellipse or an hyperbola, 
according as the passage is into a denser or a rarer medium. 

20. What is the form of the caustic produced by a paraboUc 
conoid of glass, the incident rays being all parallel to the axis. 

Bb 







4S. 

of the « 



1 




V 



surface of a plnno-convex lens, whose thickness is f, and ratJius rj 
and emerge after two refractioris at ihe plane surface, and one re- 
flexion from the spherical ; prove that the distance of the geometrical 
focus of the reflecto-refrncted rays from the plane surface ■ 

r — 3t SID inc. 

= ; where m = -; ~ - 

2 m sin refr. 

41. If two piirallel rays be incident on a transparent spliere, 
one perpendicularly, and the other at an angle of incidence ^ lfc« 
arc included between the emergent rays Is one whose sine 
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m being the ratio of refraction. 

42. Determine the apparent magnitude of a straight recliliuear I 
object, placed at a given depth parallel to a surface of water, the ' 
eye being situated at a given point in the plane which passes 
through the object perpendicular to the surface. 

43. if the radius of the anterior surface of a concave glass 
speculum of inconsiderable thickness (c) = a; then if the radiu» 

of the second aurface = o H c, the image of a distant object 

formed by reflexion at the first surface will coincide with that pro- 
duced by reflexion at the second and refraction at ihe first. 
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